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A bstract

T hispaperdescribesa W indows/C ++-based pcen-
vironm entforsim ulating andanim ating an inverted
pendulum underautom aticcontrol. T he program
consistsoffourm odules:(i)a program user-interface
m odule, (ii) a sim ulation m odule, (iii) a graph-
ics/anim ation m odule, and (iv) an education m od-
ule. T he program userinterface m odule allowsthe
userto interactwith theprogram.M orespecī cally,
thism odule perm itsthe userto select the desired
pendulum m odelstructure, m odelparam eters, con-
trollaw structure, controllaw param eters, reference
com m ands, disturbances, initialconditions, integra-
tionroutine,andintegrationroutineparam eters.T he
sim ulation m odule isresponsibleforgeneratinga nu-
m ericalsolution forthe closedloopdynam ics. T he
graphics/anim ationm oduleupdatesplotsandanim a-
tion on thescreen using data generatedby thesim -
ulation m odule.T he education m oduleprovidesthe
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userwith interactive lessonsdesignedto teach fun-
dam entalsystem sand controlsconcepts. D esigned
to com municate with M AT L A B via D D E l̄es, it is
shown how thisenvironm entm aybeusedto analyze
m any \whatif" scenarios-observingsystem dynam -
icsboth graphically andthrough anim ation, m aking
the environm enta very usefultoolforteaching con-
trolsystem design concepts.

1 Introduction

T herecentrevolution inpersonalcomputinghasseen
com putingpowersoarwhilepriceshavedropped.A s
a result, powerfulpc'sare now com m only available.
G iven this, itisnow possibletoexploitthenew tech-
nology tosigni¯cantly enhancetheway in which sys-
temsandcontrolseducation isdelivered.B ecauseof
today'scomputing power[6], forexam ple, com plex
sim ulations- not long ago considered form idable -
can now beeasily performed.R ecenttrendsin com -
puterspeedhavealsom adefastanim ation ofdynam -
icalsystemsa possibility [3]. In short, today'spc
technology now perm itsthe developmentofnew in-
teractive graphicalvisualization environm entswhich
couldrevolutionizetheteaching ofsystemsandcon-
trols.T hisopportunity, hasperm ittedtheauthorsto
developsuchenvironm ents[4],[5],[13],[17],[18],[19],
[20].T hispaperdescribesthedevelopmentofan in-
teractive invertedpendulum environm ent.Itisshown
how m any fundam entalsystem andcontrolconcepts
m ay be readily observed andunderstood with such
an environm ent.T he rem ainderofthispaperisor-
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ganizedasfollows.Section 2describesthedi®erent
invertedpendulumswhich are available to the user.
M athem aticalm odelsare discussed in thissection.
In Section 3, featureswithin the invertedpendulum
environm ent are described. Section 4then dem on-
stratesthe utility ofthe environm ent asan educa-
tionaltool.F inally, Section 5sum m arizesthepaper
andpresentsdirectionsforfutureresearch.

2 System D escription:M odels

T he inverted pendulum environm entcurrently per-
m itsthestudy oftwo invertedpendulum system s:

i.an invertedpendulum with a ¯xedbase, and
ii.an invertedpendulum on a m oving cart.

Each system isnow described.

Inverted Pendulum with a F ixed B ase. T he
m odelfortheinverted pendulum with a ¯xed base
wasderivedfrom ¯rstprinciplesandresultsin a sec-
ondordernonlineardynam icalsystem .T hism odel
doesnotcapturem otordynam icsorpendulum °ex-
ing.T heonlysystem inputisa torqueappliedatthe
base.A linearm odelisalso availableto theuser.O f
interesthere ism aintaining thependulum uprightin
thepresenceofa disturbanceorthe pointing ofthe
pendulum given a desiredattitude.T hecriticalvari-
ablehereisthustheanglewhich thependulum m akes
with the vertical.T he nom inalnonlinear¯xed-base
pendulum dynam icsaregiven by:

Äµ=
g
l
sinµ+

1
m l2

¿ (1)

whereµdenotestheanglewhich thependulum m akes
with the verticaland ism easured in radians, ¿de-
notesthetorqueappliedatthebaseandism easured
in N ewton-m eters,m denotesthem assofthependu-
lum m easured in kilograms, ldenotesthe length of
thependulum m easuredandg denotesthe accelera-
tion dueto gravity m easuredin m eterspersecond2.

Inverted Pendulum on a M oving C art. T he
m odelforthe invertedpendulum on a m oving cart
wasderived from ¯rst principles and results in a
fourth ordernonlineardynam icalsystem.T hism odel
doesnotcapturem otordynam icsorpendulum °ex-
ing. T he only system input isthe force applied to
thecart.A linearm odelisalso availableto theuser.
O finteresthere ism aintaining thecartata desired
position with the pendulum upright. T he nom inal

cart-pendulum nonlineardynam icsare give by [14,
pp.104-107]:

(M +m)Äx+ mlcosµÄµ¡ mlsinµ_µ2= F (2)

cosµÄx+ lÄµ= gsinµ (3)

where xdenotesthe position ofthecart, µ denotes
the anglewhich thependulum m akeswith the verti-
caland ism easured in radians, F denotesthe force
appliedto thecartm easuredin N ewtons, m denotes
the m assofthependulum m easuredin kilograms, l
denotesthelength ofthependulum m easuredin m e-
ters, and g denotesthe acceleration due to gravity
m easuredin m eterspersecond2.
O ther, m orecomplex, pendulum systemswillbe

consideredin thefuture(e.g.double invertedpendu-
lum).

3 D escription ofEnvironm ent

T he inverted pendulum environm ent is written in
W indows/C ++ [1], [2], [8], [10], [16], [21].Itconsists
offourmodules:

² a program userinterface(PU I)m odule,

² a simulation m odule,

² a graphics/anim ation m odule, and

² an education m odule.

T he environm entwasdividedinto m odulesto facili-
tate updatesandenhancem entscreatedby di®erent
program m ers.

Program U ser Interface M odule. T he PU I
provides an interface between a user and the in-
vertedpendulum environm entprogram. W ritten in
W indows/C ++, the environm entprovidespull-down
m enuswhich perm itthe userto selectwhich pendu-
lum system m odelto use. M enusalso perm it the
userto m odify criticalsystem param etersin real-
tim e. T hese param etersinclude, forexam ple, m ass
properties, m om entsofinertias, cartproperties, etc.
T im ersareusedto implem entthisfeature[1], [2],[7],
[8].T he userm ay also selectam ongstdi®erentcon-
trollaws(e.g.proportional, PD , PI, PID , andm od-
ern).Initialconditions, referencecom m ands, distur-
bances, and integration routines(e.g.Euler, R unge-
K utta, etc.) m ay be selected by the userfrom a
m enu. O therm enu optionsfordata storage and



plotting exist. D ata storage routinesautom atically
form at saved sim ulation data foruse within other
environm ent m odulesaswellasexternalprograms
(e.g.M athW ork'sM AT L A B and M icrosoft'sExcel).
U ser-selectedvariablessavedfrom an earliersim ula-
tion m aybeplottedagainstcurrentsim ulation data.
M ultim edia lessons, which use live pendulum video
aswellasexamplesfrom roboticsarealso accessible
through thePU I.

Simulation M odule.T hem ainpurposeofthesim -
ulation m oduleistoaccurately solvetheappropriate
set ofordinary di®erentialequations. T he sim ula-
tion m odule containsroutinesrequired by the dif-
ferent pendulum systems, controllaws, integration
m ethods, anddata storageroutines.A lloftheenvi-
ronm ent'spendulum m odelsandcontrollaw routines
are includedin thism odule.

G raphics/A nim ationM odule.T hem ainpurpose
ofthegraphicsm oduleistousedata providedbythe
sim ulation m odule and update graphics(i.e.plots)
and anim ationson the screen. D ata and plotsare
displayedwithin childwindows[9], [15].A nim ation
iscreatedusing high quality bitm apsgeneratedwith
C orel'sC orelD R AW and C orelPH O T O -PA IN T 1.

Education M odule. T he education m odule con-
tainsroutineswhich implem entinteractive m ultim e-
dia lessons.T he lessonsusetext, audio, video, and
anim ation to convey ideas. U sersanswerquestions
via interactivem enus.C orrectanswersaresupported
with a m ultim edia explantion -including\supportive
audio." Incorrectanswersare followedupby hints,
partialexplanations, andadditionalchances.

4 EducationalU tility

T heutility oftheenvironm entasan educationaltool
isnow dem onstrated. T wo dem onstrationswillbe
presented:one forthe ¯xed-base pendulum system
and one forthe cart-pendulum system. Additional
dem onstrationswillbepresentedatthe1997IC SEE.

F ixed B ase Pendulum D em onstration. T he
m odelparam etersusedforthe ¯xed-base pendulum

1C orelD raw and C orelPH O T O -PA IN T are tradem arksof
C orelC orp.C orelD raw isa generalpurposedrawing/graphics
m anipulation utility. C orelPH O TO -PA IN T isa generalpur-
pose im ageprocessing utility.

demonstration were:m = 0:1kg, l= 0:5 m , and
g= 9:8 m

sec2.T hecontrollerusedwasasfollows:

¿= K 1e (4)

e= r¡ K 2µ (5)

K 1(s)= k1[
s+ a
s

] (6)

K 2(s)= k2(s+ b)[
100

s+ 100
] (7)

wherek1= 0:1250, k2 = 1:6854, a =
p g

l = 4:4272,
b= 0:5933wereusedasdesign param eters.T hepole
ats= ¡100in K 2 wasintroducedonly to m ake K 2
proper.W ith a secondorderplantand\essentially"
a ¯rstordercompensation schem e, three dom inant
closedlooppolesresult.T hedesign param eterswere
selected such that the dom inant closed loop poles
wereat

s= ¡2§ j1;¡4:4272: (8)

H ere, the lastroot isa pole ofthe plant linearized
about the vertical(i.e.µ ¼ 0). Selecting the zero
ofK 1 to be s = ¡a = ¡

p g
l = ¡4:4272¯xesone

oftheclosedlooppolesats= ¡4:4272.G iven this,
onethen obtainsthefollowingdesign equation forthe
othercompensatorparam eters:

s2+[
k1k2
ml2

¡ g
l
]s+

k1k2b
ml2

= s2+4s+ 5 (9)

F igure1showsa screendumpoftheenvironm ent
fora referencecom m andofr= 50degrees.B oth lin-
earandnonlinearplotsaregiven forµand¿.F igure2
showsa screen dumpoftheenvironm entfordi®erent
referencecom m ands:r= 20;40;60;80degrees.O nce
again, both linearandnonlinearplotsaregiven for
µ and¿.T heplotsshow thatthe linearandnonlin-
earm odelsagreequitewellforthesm allerreference
com m ands. A sthe reference com m andsget larger,
the m axim um errorin the angle plotsapproach 10
degreeswhile that in the torque plotsapproachesa
steady statem axim um ofabout0.2N ewton-m eters.

C art-Pendulum D em onstration.T hem odelpa-
ram etersusedforthecart-pendulum dem onstration
were:M = 2 kg, m = 0:1 kg, l = 0:5 m , and
g= 9:8 m

sec2.



F igure1:F ixed-B asePendulum C om m andFollowing (r= 50degrees)

F igure2:F ixed-B asePendulum C om m andFollowing (r= 20;40;60;80degrees)



F igure3:C art-Pendulum C om m andFollowing (r= 0:5m eters)

F igure4:C art-Pendulum C om m andFollowing (r= 0:1;0:3;0:5;0:7m eters)



T hecontrollaw usedwasasfollows[14,pp.787-795]:

F = ¡[g1 g2 g3 g4] [r¡ x _x µ µ]T (10)

with design param etersg1= 163:1, g2= ¡73:4,g3=
¡298:2, andg4= ¡60:7selectedsuch thattheclosed
looppoleswereat

s= ¡2§ j3:464;¡10;¡10: (11)

F igure3showsa screen dumpoftheenvironm ent
fora reference com m and ofr = 0:5 meters. B oth
linearandnonlinearplotsaregiven forx, µ, and F .
F igure4showsa screen dumpoftheenvironm entfor
di®erent reference com m ands:r = 0:1;0:3;0:5;0:7
meters. Forsm allreference com m andsthe linear
andnonlinearresponsesare in closeagreem ent.F ig-
ure4showsthat forlargereference com m ands, the
responsesdi®ergreatly - the \actual" nonlinearre-
sponse going unstable. T hisoccurs, because ofthe
destabilizing _µ2nonlinearity which isnotcapturedin
thelinearstatefeedbackdesign (Equation 10).O nce
again, both linearandnonlinearplotsaregiven for
x, µ, and F .

5 Sum m ary and D irections

T he invertedpendulum environm entprovidesa °ex-
ible educationaltoolforteachingcontrolsystem de-
sign concepts.C urrently, m orecom plexm odelsand
controllaws(e.g.m otors, saturations, anti-windup,
etc.) are being implem ented. JA V A and V R M L
im plem entationsare also being explored [11], [12].
Future work willfocuson m ore complex pendulum
systems(e.g.double inverted pendulum , etc.) and
thecontinueddevelopm entoflessons.T hegoalisto
obtain an interactivem ultim edia environm entwhich
can be used to build open-ended problem solving
skillswhile encouraging exploration andselfdiscov-
ery.
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