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Direct Blind Equalizers of Multiple FIR
Channels: A Deterministic Approach

Georgios B. Giannakigrellow, IEEE and Cihan Tepedeleniitu

Abstract—Blind equalization of single-input multi-output chan- wi(n)
nels has practical value for inverse problems encountered in
communications, sonar, and seismic data processing. Relying l
on diversity (sufficient number of multiple outputs), we bypass ha(n) 7 zi(n)
the channel estimation step and derive direct blind FIR equal-
izers of co-prime FIR channels. There are no constraints on
the inaccessible input, apart from a minimum persistence of _s(m) .
excitation condition; the input can be deterministic or random ’ y

with unknown color or distribution. At moderate SNR (>20 i

dB), the resulting algorithms remain operational even with very l

short data records (<100 samples), which makes them valuable hiar (n) ® zp(n)
for equalization of rapidly fading multipath channels. Com-

plexity, persistence of excitation order, and mean-square error Fig. 1. Single-input,AZ-output channel model.

performance tradeoffs are delineated for equalizers of single-

shift (semi-blind), pair, or, multiple shifts estimated separately
or simultaneously. Optimum and suboptimum combinations of channels {A,,, (1)’ M can be identified from the outputs

m=1

the equalizers’ outputs are also studied. Simulations iIIustrqtg the {xm(ﬂ)}%:l only, provided that the channel transfer func-
proposed algorithms and compare them with dual deterministic M . oo .
channel identification algorithms. tions {H,,,(z)}_, are co-prime. In addition to equalization
o o ) of (e.g., multipath induced) communication channels, the
Index Terms— Communications, -equalization, multichannel  ytichannel model (1) appears in a variety of problems
system identification. . . . L .
including sonar dereverberation and seismic deconvolution [9].
The original work of [17] sparked interest toward blind
I. INTRODUCTION identification of possibly nonminimum phase channels without

ONSIDER the M x 1 data vector x(n):=[x1(n) using high-order output statistics (e.g., see [5], [12], [14],
-..zp(n)]’ modeled as the noisy output of ad x 1 [20], and references therein). Most of the existing algorithms

vector FIR channel with impulse response coefficientdentify () in (1), and according to complexity tradeoffs,
n(l):==[hi(D)- - ha(D], I = 0.1,...,L and scalar input they either adopt the (nonlinear) Viterbi algorithm or take a
’ T second step to construct a linear FIR (zero-forcing or mean-

s(n) (see also Fig. 1
(n) ( g- 1 square error) equalizer for recoveringn). However, when

L low-complexity online demodulation is desired, it may be
X(n) = Zh(l)s(”_l)+v(”)v n=01...,N-1 (1) advantageous to bypass the channel identification step and
=0 estimate the equalizer directly. Especially with slowly time-

Input s(n) is inaccessible (blind scenario) and can be eith¥arying channels in wireless environments, low-complexity

deterministic or a realization of a random (white or coloredjirect adaptive equalizers are highly desirable.

process. Additive noise(n) is assumed zero-mean, white, and The objective of this paper is to deriv&th-order FIR

independent of(n) if the latter is random. equalizers{g;(k)}i_, given{x(n)}/;, which in the noise-
The multichannel model of (1) arises whéd > 1 an- free case satisfy the so-called zero-forcing condttisee also

tennas receive a single information bearing source (spaffad. 2)

diversity) and/or when continuous-time communication signals g

are sampled at a rate faster than the symbol rate (tempoz x'(n—kgi(k)=s(n—14), i=01,....L+K. (2)

ral diversity). Tonget al. [17], [18] exploited the diversity 1=

offered by the multiple outputs in order to establish thaf

t . . . .
under mild persistence of excitation conditions ), the ndex ¢ denotes a delay that is nonidentifiable from output

data only.
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A conference version of the results here can be found in [6],

zln) gu(n) and extensions to time-varying channels appeared in [4].
Il. DIRECT BLIND EQUALIZERS
We will assume carrier synchronization throughout this
oni(n) ( work. Like most other blind channel identification and equal-
Guna () ization algorithms, the proposed methods will require fre-
guency offset estimation (see [7] and references therein for
Fig. 2. FIRM-channel equalizer corresponding to shift a detailed study of this topic).
Consider (2) withn = N — 1, N — 2,..., K and rewrite it
estimatesl, + K + 1 equalizers corresponding to all possibld? & matrix form asXg; = s;, i.e.,
shifts. Blind estimation of equalizers corresponding to all , , ,
possible shifts was also suggested (without uniqueness proofs) |% (V-1 xX(N=2) - X(N-1-K)
; ; ; i -~ x(N-2) x¥(N-3) -+ xX(N-2-K)
in [15], using an interesting linear prediction framework. An

algorithm for the direct estimation of all possible equalizers : : : :

was also derived independently in [2] and [3] by estimating X' (K) X(K-1) --- x'(0)

the equalizer taps via second-order statistics of the odétput. ~
. ; . . X: (N—K)x M(K+1)

In contrast, this paper’'s framework invokes no statistical )

assumptions on the input and, at moderate SNR20(dB), 8:(0) s(V —1— 'f)

yields operational equalizers using as few as 50 to 100 x gi(1) _ s(N =2-4) 3)

samples. This is because the equalizing solutions herein are : : '

algebraic and exact in the absence of noise. In addition, esti- g:i(K) s(K — i)

mation of all equalizers can be done pairwise, which requires —

less data compared with methods that estimate equalizers

simultaneously. The novelties of this paper’s approach include

the following.

g M(K+1)x1 s:: (N—K)x1

Even ifs; were available, uniqguenessgf would requireX
o . . _ to be full column rank. To study the rank &, we temporarily
1) derivation of the minimum(: = 0) and maximum ,eqme noise-free data in (1) and decompose X as SH,

(¢ = L + K) delay equalizerseparately when all data here we have (4) and (5), shown at the bottom of the page.
are available or when guard bits separate data recoW@ adopt the following assumptions.

2) j(gir?tetr)]lqilnzhggti;paﬁirgr?zgg(k) andg; .« (k) and, sub- al) Th(_e data lengthiv and channel (equalizer) ordéf K)
sequentlyg; (k) fori=1,...,L+K —1, allowing s(n) satisfy
to be either deterministic, or (non-)white random;

3) identifiability proofs revealing the role of persistence-
of-excitation;

4) methods to optimally combine the outputs of all equal-
izers corresponding to different delais0, L + K.

N-K>L+K+1 (6)

which is easily met in practice by collecting sufficient
data.

a2) The inputs(n) is persistently exciting (p.e.) of order
at least, + K + 1, and in view of (4) and (6)

2Reference [2] assumes white inputs, whereas [3], which appeared after the

conference version of this paper [6], dispenses with the whiteness assumption. Ps 1= rank(S) =L+ K+1. (7)
s(N—-1) s(N—-2) s(N-1-K-1L)
5 s(N—-2) s(N-3) s(N—-2-K-1L)
s(K) s(K—1) --- s(—L) (N—K)x(L+K+1)
(4)
'h’(()) o’ o’ T
LW
H:=|b(L) : - hL-K) . (5)
. (L) . .
L O : W(L) 1 i ksnyxmrt1)
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Assumption a2) amounts to requiring at ledst+ imposed ons(n); in fact, similar p.e. conditions are required
K + 1 nonzero frequencies in the spectrumsgf); even for input—output identification algorithms, where the
white noise is p.e. of any order. For the estimatioimput is also available (see, e.g., [16, pp. 117-125]). Equation
of double or multiple delay equalizers, we will need8) expresses the need for diversity and implies Han (5)

ps = 2(L+ K +1) — 1 because both of these methodss fat or square. On the other hand, (10) reinforces diversity by
require concatenation of two portions of a block Hankeékquiring channels to be co-prime (or “sufficiently different”).
matrix X, which translates in a doubling of the p.e. Inthis section, we will focus on the noise-free case. We first

requirement on the input(n). establish the following (also proved in [20] with matrices of
a3) The triplet (M, K, L) = (number of channels, equalizerdifferent dimensions):
order, channel order) obeys Lemma 1: Under al)-a4), théN — K') x M (K +1) matrix
X in (3) has rankX) = L + K + 1.
MK+1)>L+K+1 ®) Proof: It follows from al) and a2) that ragk) =
- L+ K +1, and from a3) and a4) that rafll) = L + K + 1;
hence, rankX) = rankSH) = L + K + 1. O

which for a givenM and L is satisfied by choosing

the equalizer order As was done in [20], by knowing an upper bouhcdn the

channel orderl, we can estimatd. and the equalizer order
K. Let L be a known upper bound ah and with A/ given,
K> K= [ L _ 1} (9) chooseK = [L/(M —1)—1]. Following the proof of Lemma
M-1 1, we have rangX) = L + K + 1. In [20], this observation
was used to find the orddr as rankX) — K — 1; here, we
where [« denotes the smallest integer o. With || assume thatL is known (or has been estimated by the
a single channe(d = 1), it follows that (8) is outlined procedure), and together with the knoih> 2, we

satisfied only by an infinite-order equaliz€K.in = will choose K to satisfy the inequality in (8).
o0). However, with A/ = 2, an equalizer of order

K,iw = L — 1 satisfies (8). Therefore, as long as

K > Kuin in (9), the methods proposed in this papeg - gingie-shift: Off-Line Solutions

will work, but unlike the single input single output ) i

case, as we also illustrate in the simulations, in the Bécauses(n) is not available, to solve (3) fag;, we need
presence of noise, increasing the equalizer order d&gsellmmatesi. Our solution in this section requires that all

not improve performance. s(n) data have been processed. Such an assumption holds, e.g.,
ad) The block Toeplitz channel matri has full row rank with packet radio transmission where the beginning and end of
and in view of (8) " each packet are specified by control bits (guard interval). The

method relies on the simple observation thaVifis the length
of {x(n)}Y=4}, the nonzero support af(n) is [0, N — 1 — L],
ie,s(n)=0forn <0andn > N —-1-— L.

Let us first consider (2) with = 0 andn = N — 1+
Equation (10) holds true if and only if the transferKN_ 2+K,...,N—1— L; we obtain the matrix equation
functions{H,,,(z)},/_, are co-prime (see e.g., [18]). in (11), shown at the bottom of the page, where, similar to

Assumptions al)-a4) appear in all blind identification alga, matrix X can be decomposed & = SH with H as in

rithms of multiple FIR channels [12], [14], [17], [18], [20]. (5) and (12), shown at the bottom of the page. Alternately,
We underscore that apart from (7), no extra assumptions are consider (2) with the maximum delay= L + K and

ranKH) =L+ K + 1. (10)

o’ o x'(N —1) 0
o’ x' (N —1) x'(N —2) 0
: : ‘ . 8o = . (12)
xX(N-1-L) -+ ¥(N-L-K) x(N-1-L-K) s(N—1-1L)
S~ A
X: (T4 K+1)x M(K+1) (L+K+1)x1
0 0 s(N—-1-1)
_ 0 0 s(N—2-1L)
S:i= : . : . . (12)
s(N—1-L) s(N—-2-1L) s(N=1-2L—K)J 1 ki)t tK41)
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n=L+K,L+K-1,...,0to obtain is not satisfied, exact FIR solutions like (11) and (13) are not
X(L+K) x(L+K-1) - %(L) possible in the single-channel case.
X(L+K—-1) x(L+K—-2) - x(L-1) We also note that equalizers with delaifl, L + K — 1]

gr.x cannot be obtained directly, e.g., equaliggrwould require
not only s(N — 1 — L), asgo does in (11), but also the

x'(0) 0’ o input samples(N — 2 — L). Hence, the ambiguity would be
R (L K1) % MK+1) greater than that of a scale. However, ogge(or gr.4 ) is
5(0) found, it will be shown in the next section how (3) can be
0 used to find a relationship betweeg andg; for 0 < ¢ <

= . (13) L + K, thus enabling us to estimate equalizers corresponding
to 0 < ¢ < L + K using the single-shift equalizer estimate
go. These “mid-delay” equalizers may perform better than the
(L+K+1)x1 minimum and maximum delay equalizers because practical
channel impulse responses usually taper off at both ends (see
also [3]). Indeed, if the components &f(/) are small for
small and large values df then the equalizing solutions of
go = eg and Hgr,x = eryx must have large norms,
hich results in noise amplification in the equalization process.
Notice that the minimum number of consecutive zeros
needed for the single-shift method is+ K, as is clear from
(11) and (13). Considering equation (9), we hdve K ,;, <

2L. Hence, the amount of time for the guard interval is less
than2LT, whereT is the symbol duration. In addition, recall

where, again, matriX = SH with (14), shown at the bottom
of the page.

Let e; denote an(L + K + 1) x 1 vector having unity as
its (¢ + 1)st entry and zero elsewhere. From (11) and (12
we know thatXg, = SHg, = Seq, where the last equality
follows becaus&e,, which is the first column o8, is nothing
but the right-hand side of (11). The columnsS®#re linearly
independent, and sincA is full rank, eq is in the range of
H; hence,Hg, = eq. Thus, theg, that solves (11) is the

first column of the right inverse oH in (5) and satisfies ; .

Xgo = SHgo = so, i.e?, the solution of (11() i)s the desired 0-that in both (11)_and (1?_’)[’ + K 41 different vector5x(n)_ .

delay equalizer. The argument ff . . being the last column are used. .Equ_ahzer est|m§1te§ cannot use more data since it

of the right inverse ofH is very similar. These results IeadWOUId again yield an ambiguity greater than that of a S.C".’“e
on the right-hand side of (11) or (13). Because the equalizing

to the following theorem. _ . o .
Theorem 1: If al)-a4) hold, the minimum- and maximum-SOIUt'onS are algebraic (i.e., deterministic), their performance

delay equalizergy andg . i are identifiable as solutions ofdoes not improve as more data are acquired (there is no

(11) and (13) within a scalar ambiguity inherently nonident@Xp"Cit incorporation of noise averaging). On the positive side,
fiable from output data only. however, the method can work with very small data lengths

Since we do not knows(N — 1 — L) and s(0), a scalar (N < 100) and exploits small guard times to acquire quick
ambiguity is introduced in determining the equalizers. To figdualizer estimates with partial knowledge of the periodic
the scale ambiguity, we divide (11) and (13) BV — 1 — L) bursts of zeros in the input sequence, which is a feature present
and s(0), respectively, and identify the equalizers in closet] TDMA systems like GSM. The periodic presence of guard

form as times in the input sequence enables block synchronization,
1 o which is necessary for this method (see [13] and [19] for

g0 = ﬁx’(xx’)—leulg detailed discussion on blind block synchronization). That the
3(1 -1-I (15) single-shift method can work with very small data lengths

gLk = @X’(XX’)—leo_ is also advantageous in scenarios where the time invariance

assumption on the channel is violated during the time it takes
If s(N —1— L) is zero, we need to rewrite (11), replacingo collect sufficient samples for estimating the received data
s(N — 1 — L) with s(ng), whereny is the greatest index for statistics required by statistical methods. Exploitation of the
which s(n) is nonzero, and decrease each index in (11) ynown guard times leads us to term this methodexsi-blind
N —1— L —ngp. A similar manipulation of (13) can be made Next, we will describeblind deterministic algorithms capa-
if s(0) = 0. ble of identifying equalizers pairwise and corresponding to all
Because such equalizers are forcing zeros outside #tegfts, simultaneously. More importantly, they will be capable
[0,N — 1 — L] support ofs(n), they are known as zero-of operating with any segment of the data, thereby allowing
forcing (ZF) equalizers. Interestingly, since willi = 1 a3) for more flexible operation (recall that zeroing the unavailable

s(L+K) s(L+K-1) --- s(0)
- s(L+K—-1) s(L+K-2) --- 0
S:= . . . . (14)

s(0) 0 0 (L4+K41)x(L+K4+1)
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data makes sense only when the entire record is availableio= L + K, yields the first and last columns of the right

when guard bits are inserted). inverse ofH and, hence, yield the desired minimui= 0)
and maximum(¢ = L + K) delay equalizers.
B. Multiple Shifts: Simultaneous Solutions Theorem 2: Supposex(n) obeys the noise-frev(n) = 0)

Our approach of eliminatings(n) in this section relies mod_el (1) with (N, M, L, K) satisfying (6) and (8). If mput
on pairwise combination of equalizers corresponding to twi n) is p.e. of orde[os - 2(L+KJ.F1.)_1' the c.hqnnels satisfy
different shifts. From this viewpoint, our algorithms are sdualt10), and the paifgo, g+ ) satisfies (20) withi = L + K
to those in [20], where pairs of the multiple outputs wer en

combined fqr channel identification. Here, we combine pgirs X0, 1+580 = X[+ KEL+K = OSL+K (21)
of the equalizer outputs (corresponding to two or more shifts) ] ]
in order to identify the equalizers. for some complex constant, i.e., the pair(gg, gr+x) that
Let us consider (2) withi = 0 to find solves (20) is the desired equalizer pair that yields (within a
, scale)syyx-
+$ . . .
Proof: The first equality follows from (20) withi =
/ —
>_X'(n = k)go(k) = s(n) (16) ;4 K. Following (19) with — L+ K, define the submatrices
F=0 So,+x andSyx of matrix 8 in (4). Decomposety 1.y x as
and substituten 4+ ¢ «— n in (2) to obtain
H o
K Xor4x = So.r4xHo, 14k = [So,L+x  Si+xk ] 0 _H
> X (nti = K)gi(k) = s(n). (17)
k=0 (22)

Eliminating s(n) from (16) and (17) yields the desired cros§’here H is given by (5), andSy; is an (N — K — ) x
relation, which makes direct blind equalization possible bj(L + & + 1) matrix given by (23), shown at the bottom of
solving a system of linear equations in the page, and = L + K. We observe from (23) that except
for the first column of submatri®, 1 x (which is identical
. to the last column of submatri®; . ), all other columns of
ZX/(” — k)go(k) = ZX/(” +i—k)gi(k). (18) So.r+x are distinct and, due to+the p.e. condition, linearly
k=0 k=0 independent. The first equality in (21) impli8s ;. x Hgo =
To describe our approach, we adopt the MATLAB notatioR; , - Hg x, Which, due to the linear independence of the
X(iy : 42, :) to denote a submatrix K formed by thei; distinct columns of Sy 14, implies thatHg, = ae, and
throughi, rows and all columns oX. Hgr.x = aer,x for some complex constant (such a
From the definition ofs; in (3), it follows thatso(i + 1 : pair of equalizers exists sincH is full rank). Hence, the
N-K)=s;(1:N-K-i)Vi=1,...,L+ K. On defining products in (21) pick up the first and last column&f . r,
the corresponding submatrices Xf as respectively, which establishes the second equality in (Z1).
o~y ) ) L ) L We have shown in Theorem 2 thatiif= L + K and (20)
Xoi=X(i+1:N-K,1), Xi=X(1:N-K-1:) is solved, then the solutiofgo, g7+ ) Will yield the input
(19) asin (21). It is interesting to note that if < L + K is
we infer that fori- and 0-delay equalizers, the correspondingS€d the corresponding submatricgs; andS; would have
left-hand sides of (3) are related Viogo = Xig; of, + K 41—+ identical columns from (23), which means that

K K

equivalently the solution to (20) would not necessarily yield the input
when multiplied byX. Therefore, for (21) to hold, we must
Xo: —Xi] [go} -0 havei = L 4+ K, andH in (5) must be square or fat. H
. 8i is square, the solution to (20) will be unique (up to a scale)
Mo (N—K—x2MWEHD) e since in that case, the right inverseHfis unique; ifH is fat,

;o which is the case when (8) is a strict inequality, then the first
i=1,...,L+ K. (20) A X )
and last columns of the right inverse Hf will not be unique,
We will show that the pair of equalizerégo,g;) that but they will still satisfy (21).

solve (20) yield, up to a scale, perfect input estimates whenlt is known that in the noisy case, performance of the
multiplied with the data matriXX in the absence of noise if equalizers depends on the delaywhich in turn, depends
and only ifi = L + K. The following theorem details why on the shape of the channél(l) (see e.g., [5]). We are
the solution(go, gr+x ), Which is obtained from (20) with thus prompted to consider equalizers of shiftsx L + K

So = : : : L : : (23)
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simultaneously withhe (0, L 4+ K) equalizers that guaranteemethod of the previous subsection to find equalizers corre-
identifiability under p.e. conditions. Concatenating equatiosponding td) < ¢ < L+ K. In any case, all methods proposed
like (20) with pairs(0,1),(0,2),...,(0,L + K), we get in this subsection, when compared with [12], [17], [18], and
[20], find the equalizers directly and appear to be suitable

§0,1 _3(1 _g( 8 8o for on-line linear equalization of communication signals. It
0.2 z 81 should also be noted that the methods proposed here do not
: : SRS : : necessitate the estimation of all possible delay equalizers for
Xo. L+K 0 0 - —Xperd lgryx the estimation of one; hence, they are computationally more
h _ 7 - - T attractive than [2] and [3]. Nevertheless, when it is believed
XYL (N=K )X (LA KA1 M(K+1) that the minimum or the maximum delay equalizers will
0 do poorly compared with the other delays, then having the
0 estimates of the zeroth and + K)th delay equalizers will
| (24) enable estimation of other delays using (26).
0 If the objective is blind channel identification, the equalizers

o ) ) obtained can be used as columns 8K +1) x (L+ K +1)
Similar to Xy ; in (22), supermatrixt’ can be decomposed asmatrix G, which must be inverted to recov#f based on the

So.1 S, 0 - 0 zero-forcing condition, cf., (1) and (2)
8072 0 SQ e 0
X = . . . . HG=1L 27
Sortx O 9 o Sk We could be tempted to think that’s are linearly dependent,
N shifted versions of each other. However, (27) shows ghat
H 0 -~ O are nothing but the columns #1—1, which by (10) are linearly
o 0O -H - O (25) independent. As usual, two options become available when
: : : : ’ solving (24) or (20). The first option is to fix the first entry
o 0 --- —-H of g to one, move the first columr; of X to the right-hand
~ > side, and solve for the normalizegusing least-squares
The matrix entriesS, ; andS; in (25) have dimensionality grs = (X X))t A'x (28)

(N — K — i) x (L+ K + 1). Equations (24) and (25)
together imply thatSo ;Hgo = S;Hg;,i = 0,...,L + K.
Then So r+xHgo = Sp+xHgr+x holds. From the proof

of Theoremhg, we havehthdﬁgo = aey for some complex and findg as the eigenvector corresponding to the minimum
numberc. This means tha$;Hg; = So.;Hgo = So.ive0 = gigenvalue ofA’x’, which can be done by calculating the

as;, 1 = 0,...,L + K. Hence, we have established th%ingular value decomposition of the matrk
following theorem.

Theorem 3:If x(n) comes from (1) withv(n) = 0, and
assumptions al)—a4) hold true, andi = 0, ..., L+ K satisfy i

whereX is the matrix left after removing the first column &f
andx:= —x;. The second approach is to $gfl|*> = g'g = 1

. INPUT RECOVERY AND NoIsY CASE

(24), then . _ . :
The equalizers derived so far recover the input perfectly in
X088 =Xigi=oas;, 1=0,...,L+K. the absence of noise. In this section, we will discuss in what
o sense our methods are optimal in the presence of noise.
for some scale ambiguityt. For the single shift case (Section II-A), the equalizers

We emphasize that in comparison with the pairwise recovegytained are

of the minimum and maximum delay equalizers from (20), the

simultaneous solution of (24) is useful because it gives us a e Lo 1

choice of selecting the minimum mean-square error (MMSE) g = (X +V) s(N—1-1)

equalizer among thé + K + 1 zero-forcing equalizers. This - 1

will be discussed in more detail in Section 1ll. Another way of grix = (X +V) @eﬂrlf

obtaining all possible equalizers is to uXg ;g0 = X;g; for

0=0,..., L+ K havmg estimateg, from (20), any other where V(V) is a “noise matrix” with the same structure

equalizer can be obtained as as X(X). As a consequence of the zero-forcing criterion
g =X/Xo,g0, i=1...,L+K. (26) employed, the estimate in (29) does not take the noise into

account and will be close to the true estimate in (15) whenever

Such an estimator may be preferred over (24) since there #re SNR is relatively high>%15-20 dB).

fewer parameters at a time to be estimated, and the matricebnlike the single-shift case, the estimators in (20) and

involved have smaller size compared within (24). It should (24) possess a certain optimality inherent in the least-squares

also be noted that (26) can also be used in the single-skifiproach pursued in their derivation. In the presence of noise,

)
(29)
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Xo,r.+x in (20) will be full rank, in which case, our algorithm
finds go, .+ With the criterion [see also (18)] v 8ol o
N-1 K
8oL+Kx = argmin Ix'(n — k)go(k) N

oo+ xcll=1 nz::o kzzo =12 ey

—x'(n+ L+ K- kgrix(k) (30)
which is the squared norm of the left-hand side in (20). Notice
that the inner product of the datdn) with the corresponding [y Branin)i— —
equalizer in (30) is an estimate of the shifted (by= 0 s LK)
or i = L + K) input. Therefore, in the noisy case, we are Fig. 3. Multishift equalizer and averaged input recovery.

estimating the equalizers to minimize the error between two
input estimates corresponding to two equalizer outputs Wigp,ange in the average estimatén). In order to find the
shiftsi = 0 and¢ = L + K. This approach can be seen ag, _ [0+ wr4x]T that minimizesE|5(n) — s(n)|?, we
the “deterministic” counterpart of what is referred to in [2] agge (33) and (2) to write
mutually referenced equalizers.

We can argue similarly for (24), where equalizers corre£|5(n) — s(n)|?

sponding to all delays are involved. In the presence of noise, 1 L+K K 2
. . s A _ . ! g .
matrix X" will be full rank. We obtaing in (24) based on the = B|———— Z w; Y V'(n+i—k)gi(k)| . (34)
criterion =0 k=0
L+K N-1 K It is well known that the solution to this quadratic minimization
g=argmind_ > " |x'(n—k)go(k) problem w = arg min, E|s(n) — s(n)|* under the linear
lell=2"i=1 n=0 =0 constraint %% w, = L + K + 1 has a solutionw =
—x'(n+1i—k)gi(k)|*. (31) ¢A~'1, wherec is a scalar so tha# satisfies the constraint

[1---1]%, and the(s, j) element ofA is given by
K

. o _ 1,=
In this case, the criterion is an average of the difference of
input estimates for different delays.

We are capable of estimating+- K +1 different equalizers, [Ali; = Z (& (k)R (5 — i + k1 — k2)g;(k2)
each of which might perform differently in the presence of kl”“fzo o
noise, depending on the shape of the channel [5]. To make use + 85 (k)R (i — j + k1 — k2)gi(k2)] (35)

of this multitude of equalizers, we might either choose to selq%ere R, (m):= E[v(n)v'(n + m)]. This result can be ob-

one that performs “best” in some sense, or we might choosefgheq sing Lagrange multipliers (see, e.g., [8]). To find the
combine the outputs of these equalizers under some C“ter'BBtimaI weights in (33), we first Obtai{g}mﬂ(

Fi ill di he f ion. For thi ;2o estimates by
|'rst, we wi |scuss.t e former option. or this purpose, W olving (24) or (26) and use (35) to compute eestimates.
will assume thats(n) is a zero-mean, stationary, uncorrelate

d sh to find e K+ 1 o satisfy the constrginnTw = L+ K + 1, we choose
sequence, and we wish 1o Tind, among #e- &£ + zgrg- c=(L+K+1)/(1TA~11) and select the weights as
forcing equalizers, the one that minimizE$s(n) — s(n—1)|=,

where is the delay index. Using (2) and the orthogonality wo LEEALA (36)
principle, it is not difficult to show that 1TA-11
min E|3(n) — s(n — §)|? = min g/Rogi (32) Notice that matrixA and, thereforey, turn out to be real,

even though the search fer was made over the complex

whereR,, is the(L+ K +1) x (L+ K +1) covariance matrix field. A possible va!ue forbthe Weight vectorvs = e;, Wh_ich

of the fractionally sampled noise process (or the covarian@@10unts to choosing théth equalizer. Therefore, using a

matrix of the noise vector for the case of antennas). This resgneral weighting vector enables the selection of the equalizer

(which is also mentioned in [2] and [5] without elaborationf!th the MMSE. Therefore, combining the outputs of all

is intuitively appealing since the equalizer with the minimurgaualizers with the optimunw in (36) will yield a lower

norm will amplify the noise the least. (or equal) MSE than the single zero-forcing equalizer with the
Availability of equalizers corresponding to all possible shift MMSE suggested in (32).

also allows for averaging the deconvolved signals (see alsdSSUming the noise is zero-mean Gaussian and that we
[15]). Specifically, relying on (17), we can recovetn) have the true zero-forcing equalizers, we can also calculate the

by aligning the equalizer outputs and computingveighted probability of symbol error. Becausén) is assumed Gaussian

average over all possible shifts (see Fig. 3) and the equalizers are linear, the ereon) = 5(n) — s(n) is
also Gaussian. The distribution efn) can be computed by

B 1 , ) the knowledge of the variance efrn) in (34), which enables
s(n) = IL+K+1 d_owi| Y ®(n+i—kgi(k)| (33) he calculation of the probability of error. We assume here
=0 k=0 that we have the zero-forcing equalizers. Since the true zero-
wherew; are the weights that sum up t+ K + 1. Such forcing equalizers cannot be obtained with noisy data, the
a constraint on the weights guarantees that there is no saeve procedure will only approximate the probability of error.

L+K K
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In [5] and [11], a performance index is optimized in order to TABLE |
select the “optimum-shift” equalizer, and links of the present CHANNEL COEFFICIENTS
approach with [11] and the linear prediction framework of

[15] are worth further investigation. Thorough performance Channel I Channel 11
analysis is beyond the scope of this paper, and results will be
i 2 1 2
reported elsewhere. £4(0) 1.0 -1.023-0.5011 | 0.1662 - 0.03721 | 0.8404 - 0.08621
hi(1) | -1.280-0.301i | 0.106-1.164i | 1.0156 - 0.00361 | 0.3931 + 0.13731
hi(2) | 1.617+2.3851 | 1.477+1.8501 | -0.1114 — 0.1899i | -0.0816 + 0.13851
IV. ADAPTIVE ALGORITHMS h:(3) | 0.178+0.2631 | -0.489-0.5231 | 0.0572 — 0.0474i | 0.0552 - 0.01251
Equation (20) can be recast in a least squares framewo%‘ég 8 8 _[)060(;)86(59_ %%115;57{ 8§§§;+3$§él
. . . . i -0. - 0. 1 . + 0. 1
by s_ettmg the first coefficient ofy r+x to 1 and can be o 6) 0 5 ~5.0464 — 0.0075 | -0.0528 = 0.00100
rewritten as Ba(7) 0 0 -0.0267 — 0.0098i | -0.0869 + 0.01851
Xg=x=-x, (37)
h where the step sizg is a parameter that should be adjusted
where _ o according to the tradeoff between speed of convergence and
X XO,L+K without its first COlUmn; steady-state performance_
x; Vvector containing the elements of that column;
g go,r+x Without its first element. V. SIMULATIONS

It is known that RLS is a recursive way of computing . .
g1s = (X')~1 2%, which is the solution to the least SquareﬁrWe used two different channels to test our algorithms. The

problem in (37) (see, e.q.. [8. p. 314]). We will use this st one has ordel. = 3 and the coefficients were chosen

) ) - . tandomly, whereas the second channel is a length-16 version
algorithm to update the vector of equalizer coefficients onling - - !
Let o7 be thetth row of X, & the estimate of the vec- of an empirically measured’/2 spaced digital microwave

. . ; - , - radio channel M = 2) with 230 taps, which we truncated to
tor of equalizer coefficients at iteration &, :=[n; - - - n:]*, . . L )
P,:= (X X,)-L, and scalan1, the tth location inx, . Using obtam a chanpel V\_nttL = 7. The shortened version is derived
LA St € ¢ . by linear decimation of the FFT of the “full-length?’/2-
the malrix inversion lemma, we can relate the inverse Spaced impulse response and taking the IFFT of the decimated
the correlation matrix estimate at time which is P;, to P b P 9

. . . . version (see [1] for more details on this channel). The channel
its previous values and the input of the equalizgr [8]. . : i

. JP : . coefficients for both sets of channels are listed in Table I. Both
This enables the update @f without having to invert the

correlation matrix estimate channels were excited by a QPSK sequence. All plots, with the
. L exception of the eye diagrams and probability-of-error curves,
The recursion used for RLS is (see e.g., [8]) were averaged over 100 Monte Carlo runs.

=]

AP Test Case 1—Single Shift Equalizers (Batch Method):

ke = 1+ A 1gP_m, Fig. 4 illustrates a comparison of the method in [20] where the
_ ) equalizer is obtained by estimating the channel matrix in (5)

G = L1 B (38) " and using the column of its inverse with the minimum norm.
g =81 +kic} The method in [20] will be abbreviated as XLTK hereafter.
P,=2"'P, 1 — Ak Py . On the left, we see that the probability of symbol error for

o . ) . both methods we proposed [single shift (SS) and multiple shift
Initialization of the correlation matrix and the estimate of thayis) with equalizers with the minimum norm being used] is
equalizer coefficients can be made, as usual, from the bafghter especially in the critical range of SNR25 dB. We see
estimates discussed in Section Il. AlternativeBs = 67" 4 similar outcome for the MSE plot on the right. The RMSE

small number. The forgetting factox should be chosen as

unity whenever the channel is known to be time invariant. 1 <K Jla — a2

This would yield the least squares solution online. Choosing RMSE = = Z PR (40)
A < 1 is necessary whenever the algorithm needs to track r=l1 !

“slow” variations. where 7 stands for realization, and? is the number of

We could also be interested in using the computationally legs;jizations. N = 100 samples were used in Fig. 4. Note,
intensive LMS algorithm at the expense of accuracy and slayswever, that our equalizer estimators only dse K + 1 =
convergence. In the absence of a training sequence (desiteds 4 1 — ¢ vectorx(n) samples. Recall that SS is a semi-
input), we consider the elements ®f = —x in (28) as our pjind method that exploits existing guard times, whereas MS
desired sequence that we would ligkn, to estimate. At each gnq XLTK make no use of such knowledge.
iteration, the vector of equalizer coefficients is updated by Fig. 5 shows how, at SNR= 20 dB, the eye diagrams of
using the recursions the equalized symbols look for different equalizer delays with
. . " N = 80 data points. The zero-delay equalizer is estimated
Bit1 = g: tHC T (39) with the single-shift method, and the equalizer corresponding

€t = 8T — L1t toi = 4 is estimated using the estimatggland (26). Observe
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Fig. 4. Single-shift compared with XLTK and multiple shift.
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how important it is to have the minimum or maximum delaglthough K,,;;, = 2, MSE performance does not deteriorate

equalizer available for

the estimation of other delays. significantly, even with equalizer orders as highias= 10.

Fig. 6 illustrates an eye-diagram comparison of the MS Test Case 2—Batch and RLS Direct Equalizefféy. 8

method with the method in [20] at an SNR of 20 dB andhows the RMSE of the estimated input by straight averaging
N = 100 data points. Together with Fig. 4, Fig. 6 illustrate®f the outputs of all equalizers calculated via (24) for Channel

that the MS method does better than [20] in this SNR regioh.Fig. 9 depicts eye diagrams for one realization\of= 500

In Fig. 7, robustness of the single-shift estimation algorithsamples, illustrating how well the RLS algorithm equalizes the

with the equalizer order estimate is illustrated. Héve= 100 output of the channels when SNR25 dB. RLS recursions in
data points were used, and the SNR was 30 dB. Note tt{a®) were initialized using the batch estimate in (20) with=
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Fig. 7. Effects of the equalizer order.
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Fig. 9. Eye diagrams for the RLS algorithm initialized with the batch estimate.

2M (K + 1) = 16, which is the minimum number of samplesV = 16) illustrates the tracking of the true equalizer after 3

required for the batch method to work. How well the RL$s subtracted from the real part of the last coefficienthef

improves on the batch estimate with the number of iteration§ channel | at the 200th iteration. In Fig. 12, both plots are

is illustrated in Fig. 10. RMSEg) at iterationt is defined as averages over 100 realizations, and SNR22 dB. Stepsize

llg: — &:|l/|lg:|| averaged over 100 realizations, whereand 4 = 0.009 was used in (39).

g are the true and estimated equalizer coefficients at iteration Test Case 4—Comparison with the Deterministic Method

t, respectively; see (40). Here, the channel was time-invariaint,[20]: To illustrate the suitability of the linear equalizers

so we used\ = 1. proposed here for adaptive equalization, we compared our
Test Case 3—Adaptive LMS Equalizdn Fig. 11, the method with XLTK. Among the many other blind methods we

LMS learning curve (initialized with the batch estimate witltould pick, we chose XLTK because it is also a “deterministic”
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Fig. 12. Comparison with XLTK on a slowly varying channel.

method of comparable complexity, unlike [10], which isnatrix. We used the RLS algorithm in (39) to adaptively
another deterministic algorithm that requires an SVD eveppdate the minimum and the maximum delay equalizers and
time a portion of the input sequence is to be estimated; henobserved how their performance compares with updating the
it is computationally very demanding. XLTK is a channebatch estimate of [20] every 200 symbols. We allowed the
identification method. The equalizers we use for the XLTihannel coefficientd; (0) and Réh2(1)) in Channel | to vary
are obtained by substituting the estimates of the channelas a Gaussian AR process with mean as listed in Table | (AR
(5) and then taking the columns of the right inverse of thisoefficients were 1 and-0.01, and the innovation variance
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Fig. 14. (left) Ps comparison with XLTK and (right) different choice of weights for GT.

was 1). For such a setup, the MSE of the input estimate asidce all the equalizer estimates use the same data, they are
the error in the norm of the equalizer estimates are plottsttongly correlated, and hence, (unweighted) averaging does
in Fig. 12 against the number of iterations at SNR 30 not necessarily improve performance over the single equalizer
dB and A = 0.95. To make the difference between thevith the minimum norm.
two overlapping MSE curves visible, we averaged them with
a rectangular window of length 10. This figure illustrates
that in addition to the savings in computational complexity, VI. CONCLUSION
the adaptive approach, by updating the equalizers at evenpjyersity available in the form of multiple outputs makes
iteration, can perform better than XLTK. blind equalization of single-input coprime channels possible
The simulations have shown that minimum- and maximunimder minimal persistence of excitation (p.e.) conditions. The
delay equalizer estimates with the proposed method do slight8quired data length for identification is smaller than most
worse, in general, than that of [20]. However, when thgethods in the literature and even smaller than most deter-
estimates of all the equalizers are combined, at SNR'30  ministic methods due to the pairwise (or single) equalizer
dB, our method performs slightly better. Fig. 13 illustrates thisstimation scheme. When the entire record of data is available,
effect with the two different sets of channels. In this case, tR@mple blind solutions result for the equalizers corresponding
equalizers’ estimates are combined with weights given by (3®) the minimum and maximum delays. Simultaneous solution
for both the XLTK and our method. of the latter requires stricter p.e. conditions when estimates rely
The left plot in Fig. 14 illustrates the superiority of ouron a segment of the output data. Complexity increases when
method in terms of probability of symbol error for Channel lequalizers corresponding to all possible shifts are estimated,
A data length ofV = 250 was used over 10000 realizationsbut all the information about the channel is recovered. In
On the right, the effect of different choices feris illustrated. addition, extra averaging improves RMSE of the coefficient
These are in increasing performanee= 1 (ave for average); estimates and the equalized output in the presence of additive
w such that theith componentw; = 1/||g;|| (invhorm for white noise. The linear equation form of the direct blind
inverse of the norm)w = e;, whereg, is the equalizer with equalizer estimates lends itself naturally to adaptive solutions.
minimum norm (best equalizer in the sense of MMSE); and Optimum combinations of the equalizer outputs improve per-
corresponding to (36) (opt). Especially as the SNR increasésmance over existing algorithms in terms of mean-square
w in (36) yields the smallest RMSE. It is worth noting thaerror and probability of error in the equalized data.
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