Chapter 3

The LTV Plant

3.1 Introduction

In this chapter we define the class of LTV plants for which we subsequently formulate and study certain
control problems in the progressively harder cases of complete and incomplete a priori knowledge of parameter
variations.

The choice of the control objective, for which the control problem has a meaningful solution, depends of
course on the underlying structure of the plant and, conversely, for the control problem to be well-posed the
plant should satisfy certain assumptions depending on the selected control objective. An issue of particular
interest in our study is the control of plants whose TV parameters are only partially known. In such a case,
one may attempt to meet the control objective by combining a parameter estimator or adaptive law with
a particular controller structure. The underlying intuitive idea behind this approach is that the parameter
estimator uses I/O information to estimate the unknown parameters on-line while the updated parameter
estimates are used in the calculation of the control input signal.

Inherent in this approach is the concept of plant parametrization, that is, a description of the plant I/O
operator in terms of some parameters. However, not all possible parametrizations of LTV I/O operators are
convenient for the identification of the I/O operator via a parameter estimation algorithm. For example, if

T2 and its natural

we consider an arbitrary state-space description of an LTV system ¢ = Az + bu, y = ¢
parametrization in terms of the triple [A, b, ¢], it may not be possible to design an estimator which determines
the parameters [A,b,¢] uniquely from I/O information. In order to achieve such an objective, we need to
impose certain conditions on the values and structure of the triple [A, b, ¢].

In this chapter we provide the conditions ensuring that a general class of LTV plants admits a convenient
parametrization for estimation and control purposes. We begin with Section 3.2 where we discuss the
analytically simpler case of plant representations with smooth parameter variations. In Section 3.3 we
consider LTV plants with non-smooth, possibly discontinuous parameter variations. Finally, convenient for
parameter estimation plant parametrizations are studied in Section 3.4, for both smooth and non-smooth

parameter variations.

3.2 Smooth Parameter Variations

Consider a SISO LTV plant described by the differential equation

#(t) = A@)z(t) +b()uy(t) 5 w(to) = o

w(t) = el (t)x(t) (3.1)
where 1y € Ry, (up,yp)(t) € R x R and z(f) € R”, satisfying the following assumptions:
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3.1 Assumption: A(?),6(1),c(t) are smooth, UB functions of time with UB derivatives. |
3.2 Assumption: The triple [A(t),b(t), c(t)] is strongly controllable and observable in [ty,00). |
3.3 Assumption: The order of the plant, denoted by n, is constant and finite. |

Under these assumptions, Lemma 2.32 ensures that the plant I/O map is described by a topologically

equivalent state-space representation which is in either the controllable canonical form, 1.e.,

0 1 0 0 0
0 0 1 0 0
T, = ) r.+ Up
—an(t) —ap_1(t) —ap_o(t) —ay(t) 1
Yp = [bn1(1), bp_o(t), ..., bo(t)]x. (3.2)
or the observable canonical form, i.e.,
—aj(t) 1 0 0 by (1)
—ahb(t)y 0 1 ... 0 bi(t)
To=| . oo z, + } Up
: N 1 :
—al(t) 0 0 ... O bl _1 (1)
yp =[1,0,..., 0]z, (3.3)

We refer to (3.2) as the P form and to (3.3) as the P, form of the plant. As noted in Example 2.22, a plant
in the Pg form has I/O operator

Yp = Gf(s,t)[up] ; Gf(s,t) = Np(s,t)Dp_l(s,t) (3.4)

where
Dp(s,t) =s"+ al(t)sn_l + -t an(?t)
Np(s,t) = bo(1)s" ™ + b1 (1)s" 2 + -+ + by_1(t)
are PDO’s in the left form with smooth, UB coefficients. Furthermore, due to Assumption 3.2 and from
Corollary (2.34), D,(s,t), Np(s,t) are strongly right coprime PDO’s in [tg, 00).
Similarly, using Example 2.23 we obtain that a plant in the Py form has I/O operator

Yp = Gﬁ[up] ; G;(s,t) = Dp_l(s,t)Np(s,t) (3.5)

where
Dy(s,t) = s" + 8" lal (1) + -+ ap (1)

Np(s,t) = s"7105(8) + s" 7200 () + -+ 01 (1)
are PDO’s in the right form with smooth, UB coefficients. Also, due to Assumption 3.2 and from Corollary
(2.34), D,(s,t), Np(s,t) are strongly left coprime PDO’s in [ty, 00).

For simplicity, we use the same notation for the PDQO’s and PIO’s of the plant I/O operator in either the
Pr or Pp form; their meaning is clear from the context. Moreover, we denote the coefficients of the plant
PDO and PIO (a;(t), bi(t) or ai(t),bi(t)) by the vector ©,(t).

Further, the relative degree of the plant Gf or GZE

n* 2

deg[Dp(S’ t)] - deg[Np(S’ t)]
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is equal to one on any interval where bo(t) # 0. If, for some constant integer m < n — 1 we have that
bO(t) = bl(t) == bn—m—Z(t) =0 ; br_m-1 # 0

for all ¢ € [tgoo), then the relative degree of the plant is n — m. In this case, the I/O description (3.4) can
be written as

v = GFu) s GR(s,1) = ky ()N, (5,0)D; (s, 1) (3.6)

where, now, N,(s,t) is a monic PDO of degree m and with coefficients Bl(t) = bj(t)/br—m—1(t) and kp(t) =
bn—m—1(t) is the so called high-frequency gain. Similarly, if the plant has relative degree n — m, the I/0O

description (3.5) can be written as
Yp = Gﬁ[up] ; Gﬁ(s,t) = Dzjl(s,t)Np(s,t)kp(t) (3.7

where N,(s,t) is a monic PDO of degree m and with coefficients bi(t) = bi(t)/b),_,,_1(t) and k,(t) =
by (1),

The above assumptions capture some of the essential properties that are required for the well-posedness
of the control problem. To clarify the meaning and give an interpretation of the assumptions we invoke the
results of Chapter 2 to make the following observations.

In the plant representation (3.1) we have tacitly assumed that the state (¢) includes the physical quanti-
ties, e.g., voltage, displacement, temperature etc., whose properties, such as continuity, boundedness etc., are
of interest. Since in the LTV case algebraically equivalent systems do not necessarily share the same internal
stability properties, the properties of the state #(t) may not be deduced, in general, from the properties
of the I/O operator of the plant. For this purpose, Assumption 3.2 introduces a notion of minimality and
ensures that the plant i1s uniformly controllable and observable. Consequently, all states can be accessed
with bounded inputs and no state can grow unbounded without being observed at the output.

Assumption 3.2 also guarantees that the plant can be brought to any of the canonical forms via a Lyapunov
transformation and hence described by an 1/O operator, factorized in terms of PDO’s with smooth, UB
coefficients (eqns. (3.4)-(3.7)). In addition, Corollary 2.34 shows that these PDO’s are strongly (right or

left) coprime.

3.3 Non-Smooth Parameter Variations

Among the critical assumptions about the plant, discussed in the previous section, were the smoothness of
the plant parameters and the strong controllability /observability of the plant. Despite their generality, such
assumptions exclude an important class of LTV plants with discontinuous or non-differentiable parameters.
In addition to the discontinuities, it may be possible that our assumptions are violated inside ‘short’ time
intervals, e.g., during a transition between two different modes of operation of the plant. In such cases of non-
smooth parameter variations one of the major points of concern, particularly for continuous time systems, is
that it may not be possible at all to describe the LTV system by a convenient PDO/PIO factorization and/or
perform the necessary PDO operations. The reason is that parameter smoothness is a property associated
with the physical variables that affect the system behavior. Such variables are not necessarily related in a
simple way with the parameters of a canonical form. For example, consider the PDO’s [s+ a(?)] and [s+b(2)]
where a(), b(t) are discontinuous functions. Any attempt to express the product [s+a(?)][s+b(2)] as a single

PDO of degree two would cause the appearance of delta distributions in its coefficients.

TAlthough it is straightforward —and tedious— to derive the exact number of required differentiations, such calculations
are omitted since they depend critically on the assumed state-space representation of the plant.
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In our formulation we avoid any unnecessary further complications caused by such a description, by
considering plants in the general state-sace representation (3.1). In order to handle discontinuous as well as

non-differentiable system parameters we decompose, without loss of generality, the representation (3.1) as

&t = A+ bo(t)u, + fi(t)x + b(t)u,
v = ¢ (Da+é (t)a (3.8)

where Ay(1), bo(t), ¢o(t) are referred to as the ‘nominal’ part of the plant and fi(t), I;(t), é(t) as the ‘per-
turbation’ part of the plant. Thus, instead of Assumptions 3.1-3.3, the LTV plant (3.8) is assumed to
satisfy:

3.4 Assumption: The entries of Ay(1),b,(1),co(t) are piecewise smooth, UB functions of time and the

entries offi(t), I;(t), &(t) are piecewise continuous,® UB functions of time, satisfying

to+T
[Pt

to

where C,p' > 0 are some constants, for alltg > 0 and T > 0.> Furthermore, let us denote by t;,
J = 1,... 00, the points of discontinuity of A,(t), b,(t), co(t) where {t;}° is a strictly increasing
sequence € Ry with t; — oo as j — 00.* That is, A,(t),bo(t),co(t) are smooth for allt exceptt;. N

3.5 Assumption: The triple [A,(1),b,(1), co(t)] satisfies Assumptions 3.1-3.3 inside each interval (t;,t;41),
j € N, uniformly in j. [ |

3.6 Assumption: There exist constants C, v such that in any interval (to,t0 + 1) the number of discon-

tinuities ny of the nominal plant parameters satisfies
ny < C+vl
Vi, > 0, VT > 0. |

In other words, we consider LTV plants which are perturbations of ‘well-behaved’ plants, i.e.; plants
with smooth parameters satisfying our strong controllability and observability assumption as stated in the
previous section. Such perturbations can have the form of a small-in-the-mean non-differentiable part, or
infrequent discontinuities (jumps) added to the nominal parameters.

Of course, given a general non-smooth state-space representation of a plant, its decomposition into a
nominal and a perturbation part is not unique and can be performed in several different ways. For example,
a discontinuity in a parameter (or its derivative) can be included directly in the nominal part of the plant or
a smooth approximation can be considered as a nominal part and the difference as a perturbation. Needless
to say, although different representations of the same plant affect the conservatism in estimating regions of
stability, the final result is qualitatively the same.

We must emphasize at this point that for the class of plants described by (3.8) to be a non-trivial
extension of the smooth parameter case, we must allow for discontinuities in the nominal parameters. This
is necessary in order to admit plants whose parameters cross a controllability /observability boundary. In

such a case, the nominal part of the state-space description should either contain a jump or a loss in strong

2Without loss of generality, both the nominal and perturbation part are assumed to be continuous from the right.

o . . to+T ||~
3Similar results can be obtained if ft ot [IFll € € 4 /T holds.
0
4Tf the number of discontinuities is finite, we may consider a sequence {t;} padded with points at infinity.
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controllability /observability for a short time interval. As a simple example to illustrate this concept, let us
consider the plant

t=bt)u ; y==x

where b(t) = 1, t € 2n,2n+ 1), n € N and b(¢t) = —1 otherwise. Clearly, although b(¢) is discontinuous, it
can be approximated within a small error in the mean-square sense resulting in an alternative description
for the plant

T =b,(H)u+ I;(t)u L y==x

where b, is a smooth function and b = b—b, is small in the mean-square. For this example, the controllability
matrix of the nominal plant is Q.(t) = b,(¢) and must be equal to zero at some time instants ¢; since b,(t)
i1s continuous. This implies loss of uniform controllability at those time instants and consequently loss of
strong controllability in an interval around each ¢;.

Thus, in our formulation, we admit a quite general class of plants with piecewise Lipschitz continuous
parameters, including cases where smoothness and/or strong controllability /observability are lost during
short time periods. Moreover, inside each interval (¢;,¢;11) the nominal part of the plant [A,,b,, ¢,] satisfies
Assumptions 3.1-3.3, uniformly in j. Therefore, inside each (¢;,%;41), the nominal plant admits an I/O
operator description of the form (3.4) or (3.5) in a piecewise sense. This enables us to extend any results
obtained for smooth parameters to the case of non-smooth ones; by expressing the effects of the perturbation
part [fi, I;, ¢] and the discontinuities at ¢; as a small in-the-mean-square error.

We note, however, that the stability analysis for systems with discontinuous parameters becomes con-
siderably harder since piecewise stability does not, in general, guarantee closed-loop stability unless some
additional conditions are imposed on the average frequency of the discontinuity points.®> To establish and
make this statement precise we use the following notation.

{t;}1°, a strictly increasing sequence in Ry with ¢; — oo as j — oo;

J, a subset of the natural numbers IN;

Uy (1), the characteristic function of the set Ujej[tj,tj+1), defined as:

0 otherwise

Ur(t) = { 1ift €[tj,tj4q1) for some j € J }

ny, ny € N, the number of subintervals (¢;,¢;41) of an interval [ty,tq + T for which j € J and the
number of transitions from an interval for which j € J to one for which j € J, respectively.® More precisely,
for Tty > 0, let m, n € N such that tg € [tm,tmy1) and to + T € (ty,tn41]. Then,

n

ny = ZH:UJ(U) oy = [ =Us(tn)]+ D> max{Us(tj—1) — Us(t;)], 0}

j=m+1

3.7 Lemma: Consider the system # = A(t)x where A(t) is a matrix with piecewise continuous, UB

elements. Further, assume that there exist two positive constants k,a such thatVj € J C N
|@(t,7)]| < ke U7 Vi, r € (ty,t41); t>T

where ®(.,.) is the state transition matrix associated with A(t). Then, the system & = A(t)x is ES with rate

— A, for some constant A > 0, if there exists a constant C' > 0 such that

to+T to4+T
—a/ UJ(t)dt—l—b/ [1—UJ(t)]dt—l—njln(k)—I—ﬁjln(k/) < AT+ C (39)
to to

5This issue is of particular interest in our study where we intend to design controllers for systems with jump parameters in
a piecewise sense, i.e., design the controller as to make the closed-loop ES, inside every interval (¢;,t;41).
6That is, consecutive intervals for which j ¢ J count as one.
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Vip >0,VT > 0. \VAV/

Proof: Tt suffices to show that, under the conditions stated above, if z satisfies the ODE & = A(t)x,
then for some constant K > 0 and for all T'> 0, ¢y > 0,

lle(to + T)|| < Ke™*la(to)]] (3.10)
Let t € (¢j,tj41). If j € J we have that
e ()] < ke ()| (3.11)
On the other hand, since A(¢) is UB, there exist constants &', b such that
[t DIl < KM v 7

Hence, if j & J,
e ()] < K| ()] (3.12)

Further, from (3.11), (3.12) and the continuity of x(¢) we obtain, grouping together consecutive intervals for

which j & J,

B to+T to+T
l2(to + T)|| < k"7 k™ exp lb/ [L— Uy (t)] dt—a/ Uy (t) dt] 2 (to)|
to to

In view of (3.9), the last inequality implies (3.10) with K = exp[C]. od

Despite its complicated appearance, the condition of Lemma 3.7 is nothing more than an upper bound
on the average size (measure) of intervals where ®(.,.) may not be exponentially decaying with rate —a and
the average number of discontinuities, such that the overall state transition matrix ®(.,.) is exponentially
decaying with rate —A. This situation may arise in a control systems framework when, for example, there is
loss of strong controllability /observability of the plant state-space representation inside short time intervals.
In such a case, there may not exist a control law which internally stabilizes the plant in those intervals.
However, in view of (3.8) and in order to simplify the presentation, we may describe such a situation by an
appropriate selection of the modeled and perturbation parts of the plant. That is, without loss of generality,
we may select the nominal part of the plant to be piecewise strongly controllable and observable even if
the actual plant fails to be so and incorporate the difference in the perturbation part. Consequently, the

following simpler version of Lemma 3.7 is adequate for our purposes.

3.8 Corollary: The result of Lemma 3.7 holds if J = N and for some constant A > 0, there exists a
constant C' > 0 such that
nyln(k) < (a—NT+C

Vip >0,VT > 0. \VAV/

Again, a condition on the average number of discontinuities is essential in order to guarantee that piecewise
ES implies ES (compared with the slowly TV case where pointwise stability implies stability). It is actually
quite straightforward to construct counter-examples of piecewise LTI systems which are ES inside every
interval but overall unstable, if there is no constraint on the number of discontinuities. A typical and quite
illustrative example is given below.

3.9 Example: Consider the system

Ay ift €2k, 2k + 1)

= Alt)x ; A(t):{AS— it € 2k + 1,2k +2) k=0,1,...
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Figure 3.1: Example of instability, occuring when the average number
of discontinuities is too large.
where

-1 5
w=[ 7]
Applying Floquet analysis on the above system, we have that
k
z(2k) = (eA;reA”) z(0)

and the eigenvalues of the matrix Ao e4o are easily found to be 0.005 and 3.649. Hence the system is
unstable, despite the fact that it is ES inside every interval (k, &k + 1).

At this point, it is very interesting to perform a simulation of the response of this system. As shown
in Fig. 3.1, starting with initial conditions z(0) = [1,1]T, inside every interval (k, k 4 1), one of the states
decays as e~'t* while the other decays as e™'T* and (¢ — k)e~'t*. Since, for small positive values of (t — k),
the latter is an increasing function of (t — k), the corresponding state increases in magnitude at the beginning
of every interval. Thus, if the frequency of discontinuities is too high, the decrease in the magnitude of the
states inside each interval may be insufficient to counteract the magnitude increase at the beginning of the

interval and instability may occur. \VAV/

3.4 Parametric Models of TV I/O Operators

An issue of particular interest in the case of plants with partially known parameters is the design of parameter
estimation algorithms, used to identify an unknown I/O operator on-line, from I/O measurements. Such
estimators, discussed in more detail in Chapter 6, rely on the ability to describe the unknown operator in
an inner product form between a vector of unknown parameters and a vector of signals, often referred to
as the regressor vector, which are available for measurement. In this section, our objective is to establish a
basic parametrization of certain types of I/O operators having the inner product form that is convenient for
parameter estimation.

The following lemma gives a parametric model of a plant in the Pr-form that allows for the identification

of the plant 1/O operator via parameter estimation.

3.10 Lemma: Consider a plant described by a strictly proper I1/0 operator Dp_l(s,t)Np(s,t), ie.,

Dy (s, 0)[yp] = Np (s, [ty (3.13)

where (u,,yp) is the I/O pair, D,(s,t), Ny(s,t) are PDO’s in the right form with piecewise continuous, UB
coefficients and D, (s,t) is monic of degree n. Then there exists 0, : Ry +— R?” such that, with zero initial

conditions,

yp = G(8)[upbre] + G(5)[yp 0] (3.14)
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where
G(s)=q (sI—F)"" 5 0] =1[0],,0]] (3.15)
F is an n x n Hurwitz matrix and (¢', F) is a completely observable pair. \VAV/

Proof: Let Dp(s) = det(sI — F') and operate on (3.13) from the left with D;l(s). Then,

Yp = D' ()N (s, 0)[up] + D' (s){Dr(s) = Dy(s, )} yy)

Noting that deg[Dp(s) — Dp(s,t)] < n — 1, a realization of the above equation as in Example 2.37 yields
(3.14) and (3.15).

At this point it is worthwhile to perform the state-space analog of this proof. Consider the state-space
realization of (3.13) as in Example (2.37):

t=AM)z+bD)u, ; yp = el (3.16)

where A(t) contains the coefficients of D,(s,t) in the left-companion form, b(¢) contains the coefficients of
Np(s,t) and ¢ = [1,0,...,0]. Further, suppose that F' is in the left companion form. (There is no loss
of generality in such an assumption since (¢, F) is a completely observable pair and hence we can always

find a (constant) similarity transformation to put it in the left companion form.) We may therefore rewrite

(3.16) as

o= Alt)x+b(t)uy, + k(t)y, — K(t)ex

Yy = el
where x(t) is arbitrary. Since (c¢T, A(t)) is uniformly observable (Theorem 2.31), there exists x(¢) such that
A(t) — k(t)eT = F; in fact it is quite straightforward to construct xk component-wise by taking &;(t) =
A (t) — Fi1, with obvious notation. Using again Example 2.37 and noting that I/O operators are invariant
under similarity transformations the proof follows. Finally, it is interesting to observe that a by-product
of this analysis is that any initial conditions of the original system are transferred to the modified one,
indicating that for arbitrary initial conditions, (3.14) is still valid modulo an exponentially decaying term,

depending on the initial conditions. oo

We should note that the direct analog of this result for plants in the Pg-form is not convenient for
estimation purposes since in that case the parametric model contains an internal signal which, in general, is
not available for measurement.

A generalization of Lemma 3.10 to systems with the general state-space description (3.8) is given below.

3.11 Lemma: Consider an LTV plant satisfying Assumptions 3.4-3.6. Then, for any completely observable
9;—*]—'—, 91*, 92* . R+ — R"
with possible discontinuities at {t;}; such that the plant is described by the state-space model

n-dimensional pair (¢7, F) there exists a UB, piecewise smooth vector 6, = [0],

ip = Fap+0u(tuy + 00y, + Ap(t)er + bp(t)u,
ep(tf) = P(tj)er(ty)
Yp = g ap+ 5;(15)1‘51 (3.17)

with the same internal stability properties as the original plant and such that:

. AF, INJF, ¢p are UB, piecewise continuous matrices for which there exist constants C', K > 0 such that
to+T
/ [? <O+ Ky'T
to

for all ty, T > 0 and p' as in Assumption 3.4.
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e P is a UB piecewise smooth matrix with UB inverse and derivative everywhere except at t = t;,
j = 1,2,.... Furthermore, as the size of jumps of the nominal plant parameters and their derivatives

approaches zero, |P(t;) — I| and |0. (t;’) — 40, (t]_)| approach zero.

where t1,17 are used to denote right and left limits respectively. It follows that y, can be expressed as

yp(t) = {G()[upfru]}(t) +{G(5)[yp 0241} (1)
HG () Arar + bru ]} (1) + Ep(Dap(t)
+ 3 qTPr(t,1)[P(t) = Hap(ty) + 4 ®r(tto)zr(to)
i<t
where G(s) = q"(sI — F)™! and ®p(.,.) is the state transition matrix associated with F.

Further, for any 6 > 0 there exist vo, ufy > 0 such that, for any v € [0,1p), ¢’ € [0, uy) and for as long

as (up): € Log, J:F/mzl,/p is UB, where m, is a normalization signal as in Lemma 2.56 with u = [up, y,] "

\VAY

Proof:  Since the nominal part of the plant is strongly observable in all intervals (¢;,¢;41), uniformly
in j, there exist (Lyapunov) similarity transformations P;(f) putting the nominal plant in its observable
canonical form inside (¢;,%;41) and such that Pj(t),Pj_l(t) and Pj(t), t € (t;,tj41) are UB with respect to
t and j. Hence, the plant is described by

b, = Ao+ bo(t)up + Ag(t)xo + bo(t)uy 5 t € [t;,1j41)
v = et (e (3.18)

with boundary conditions arising from the continuity of the state vector of the original state-space description
of the plant”
-1 —_ —_
o(t;) = Pj (t;—)Pj—l(t]’ )l’o(t]’ )
and [A,(t),b,(1), ¢,] being in the observable canonical form. Since Pj,Pj_1 are UB, Assumption 3.4 implies
that the perturbation part in (3.18) also satisfies

to+T
/ [P < C+ Ko p/'T
to

for some C, K, > 0, for all {5, 7" > 0.
Further, there exists a possibly discontinuous vector &, such that A,(t) — ko(t)c, is the left-companion
matrix which is similar to F'. Thus, with (¢, F') being an n-dimensional completely observable pair, (3.18)

can be written in the form of (3.17) after a (constant) similarity transformation, x, = Ppap where

014 :Pp_lbo ; 24 :Pp_lﬁo

Ap = Po A= k,&]1Pp ; bp = PR'b, ; éf = ¢l Pp

and
P(t) = Pglpj—l(#)Pj_l(t—)PF s tEt ti)

It is now quite straightforward to integrate (3.17) and obtain the expression for y, given above. Notice
that as the discontinuities in the nominal plant parameters and their derivatives vanish, P](t;') approaches

Pj_l(tj_) and hence, the discontinuities in 6, vanish and P approaches the identity matrix.

"Notice that the state of the canonical form (3.18) may be discontinuous.
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Finally, for the last part of the lemma, consider the state-space description of the plant (3.8). Since
(€0, A,) is strongly observable inside every (¢;,¢;41), uniformly in j, it follows that for any §’ > & there exists
a piecewise smooth, UB &’ such that the STM ®'(.,.) of

i = [Ao(t) — & (1)e] ()]

o

satisfies
@'(t, 7)| < ke™" (=T 5 Wi > m e (t,t4), Vi

where k is a positive constant. For example, such a s’ can be constructed as in the first part of the proof.
Hence, choosing 8" € (6,8"), Corollary 3.8 and Assumption 3.6 imply that there exists vy > 0 such that for
all v € [0,19) ®'(.,.) is exponentially decaying with rate at most —8”. Further, rewriting (3.8) as

Bo= [Ao(t) = ' (t)eg (D]x + [A() — &' (DET (0] + (1) + b(t)]up + &' (g,
Yy = ci(Wr+é (e (3.19)

and invoking Lemma 2.45 and Assumption 3.4 we have that there exists uf, > 0 such that for all 4’ € [0, p1),
the system
&= [Ao(1) = &' (t)e] (D] + [A(1) = '(1)eT ()]

is ES with rate at most —8. Since the plant is described by a bounded state-space representation, (yp ) is
in Lo, for as long as (up)¢ € Loo. Hence, from Lemma 2.56 and Corollary 2.52 we obtain that x/mzl,/p 1s
UB which, in turn, implies that xp/mzl,/p is UB since zp(t) = PEle_l(t+)x(t) inside [t;,%;41) and Pj_l(t),

t € (tj,t;41) is UB, uniformly in j. (Also compare with Corollary 2.57). oo

Lemmas 3.10 and 3.11 show that plants satisfying Assumptions 3.4-3.6 or plants with I/O operator
Dp_l(s,t)Np(s,t) can be described by a parametric model of the form

yp(1) = {G(3)[upb1]}(1) + {G(5)[ypb2:]}(1) +7(1) (3.20)

where 77 is a term appearing in the non-smooth parameter case and whose magnitude depends on the
perturbation parameters v, ii/. The properties of 7} are discussed in some more detail in Chapter 6. Although
the plant parametrization (3.20) is not in the inner product form required for the application of standard
gradient-based estimators, it can be readily modified invoking the ‘Swapping’ Lemma 2.59 or Corollary 2.60
to yield

{G($)[up), G(s)yp]}0s + 1+ 1]
w0, +n+7 (3.21)

Yp
A

where, wT = {G(s)[u,], G(s)[y,]} is a vector of signals which can be constructed from purely 1/O information.

When 6, is absolutely continuous, an expression for 7 is directly obtained from Lemma 2.59 as
= GG (5)[up 10} + G(){G' () [yp 112]0} (3.22)

where G'(s) = (sI — F)~'. When 0. contains a jump function, an analogous expression for 7, with an
additional term describing the effect of the jumps, is obtained from Corollary 2.60.

In a typical parameter estimation problem, the vector 8, is unknown but u,, y, are continuously measured
and therefore their filtered values w can be constructed and used to estimate @,. Of course, since #, is
unknown, 7,7 are also unknown and cannot be constructed from available measurements. Therefore, 7,7
must be treated as ‘noise’ or modeling error when the parametrization (3.21) is used to estimate 6. and
they must be small in some sense in order for the estimation to be successful. As shown in Chapter 6, 6,
and consequently the unknown I/O operator of the plant in the P form can be identified within a small

mean-square error in an I/O sense, provided that
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e the absolutely continuous part of 8., say 67, is slowly varying in the mean,
e the average number of discontinuities in an interval, v, is small and
e the parameter p’, characterizing the perturbation part of the plant, is small.

Since in typical applications the plant parameters contain very few discontinuity points inside long time
intervals, the most critical parameter of the three is expected to be the speed of variation of #5. It is
therefore desirable to avoid the estimation of any a priori known fast-varying components of 67, for example,
by decomposing the parameter variations into a ‘structured’ and an ‘unstructured’ part; such a decomposition

of 87 is discussed in the following subsection.

3.4.1 Structured Parameter Variations

Parametric models of the form (3.21) have been widely used for the on-line estimation of the unknown
parameters #, —resulting in the identification of the unknown plant I/O operator— in the LTT as well as
the LTV case [(G.5.84, N.A.89, S.B.89, M.G.88, Kre.86, A.J.83]. Naturally, the performance of a parameter
estimator based on the linear model (3.21) depends heavily on the size of the ‘noise’ terms 7,7 as well as
the speed of variations of the unknown parameters .. It 1s therefore of interest to exploit any available a
priori knowledge about the form or structure of variations of the unknown parameters in order to decrease
the size of the effective perturbation and, in particular, the speed of variation of the absolutely continuous
part of the unknown parameters. This idea is illustrated in the following example.

3.12 Example: Let us assume that, for the plant of Lemma 3.10, the time variations of 6.(¢) are of
the form

0.(t) = 0, sin wot (3.23)

where the frequency wy is constant and known and 0, is an unknown but constant vector. If we parametrize
the plant according to (3.21), we obtain
Yp = ng* +7n

where 7, given by (3.22), is an unknown signal. Tt now follows that if we were to use the last equation as a
parametric model to estimate @, , we should require wq to be small in order for the estimation to be successful.
Note that in this approach, we effectively treat 6, as a constant, making no use of the a priori available
knowledge about its structure of variation. On the other hand, using the available a priori information on

the time-dependence of 8, in (3.20) we obtain
Yp = G(s)[upél* sin wot] + G(s)[ypéZ* sin wot]

which, by virtue of the Swapping Lemma, becomes

yp = G(s)[upsinwot)dr. + G(s)[y, sin wot]a.
= w'é, (3.24)
where wT = {G(s)[u, sin wot], G(s)[yp sin wot]} is a signal which can be constructed from available mea-
surements and 0, = [él*,éz*] is unknown but constant. Equation (3.24) is now of the same form as the

parametrizations obtained in the LTI case without modeling errors or noise. It is therefore possible, using
standard estimation techniques, to estimate 0. within an asymptotically converging to zero error (in an I/0
sense). Once the estimate of g, is available, we can obtain the estimate of 0,.(t) from (3.23). Note that,
in contrast to the previous case where the parametric model (3.21) was used for estimation, the parametric
model (3.24) results in zero estimation error for any value of wy (i.e., slow or fast parameter variations).

(For details see Chapter 6, Theorem 6.6.) vV
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Let us now generalize the previous example by assuming that the plant parameters and consequently
0.(t) are decomposed as

0. (1) = I(1)6.(1) (3.25)

where 6, (t) is the unknown, or ‘unstructured’ part of 6.(¢) of dimension [ €N and TI(?) is a known matrix

with piecewise smooth UB elements. The flexibility of (3.25) in describing fully or partially structured or

even unstructured parameter variations is demonstrated by the following simple examples.

1. ‘Pully structured variations’: Assume that 6,(t) = Ag + sin(wt)A; where w is known and Ag, A; are

unknown constants. Then,

I(t) = [[,sin(wt)]] ; 6. =[A],A]]"

2. ‘Partially structured variations’: Assume that 6.(¢) = Ao+ sin[(w+€)t]A1+ f(¢)A2 where w is known,
f(t) is an unknown function and €, Ag, A1, A are unknown constants. Then,
) = [I,sin(wt)],cos(wt)l]
0. (t) [AD + F()AT cos(et) AT sin(et)AT]T

3. ‘Unstructured variations’: Assume that 0,(t) = Ao f(?) where both Ag, f(t) are unknown. Then,

3.13 Remark: Notice that equation (3.25) can be augmented by an additional term E*(¢) to describe

the unknown fast, but small in amplitude, part (Gitter’) of the variations of ,(¢), i.e.,
0. (t) = I(1)0,(t) + E*(1)

where || E£*(¢)|| is small or small in the mean. This description may be useful in applications since, by treating
E*(t) as parameter noise, we can avoid the use of high-dimensional 6,(t) in modeling the time-variations
of 0,.(t). However, for reasons of clarity and ease of exposition, the discussion of this case is omitted as it

presents no additional difficulty in the subsequent analysis. \VAV/

By incorporating the knowledge of TI(¢) in the regressor vector, we may estimate 0, () first and then
obtain the estimate of 6.(¢) as 6(t) = H(t)é(t) where é(t) is the estimate of 6, (t) at time t. The benefit of
this approach becomes clear when we consider the case where the parameters to be estimated, contain fast
but known TV elements. Due to the finite speed of adaptation, a general adaptive law is not expected to
yield a small prediction error (wT (¢)0(t) — y(t)) when 0, is fast TV. However, if a structured decomposition
of the parameters succeeds in achieving a slowly varying é*, then, estimating the slowly TV component only,
it is possible to ensure the smallness of the prediction error, despite the fact that the original parameters
may be fast TV.

On the other hand, some caution should be exercised when the structured parameter variations approach
is used. One of the shortcomings of this approach is that, in general, the relation between the actual system
parameters and the vector 8, is highly nonlinear, making the derivation of the exact structure of 6, from
the structure of the system parameters difficult. For example, consider an LTV system with 1/O operator
Dp_l(s, t)N,(s,t) to be identified. From Lemma 3.10, it follows that the variations of 8, would have the same
structure as the coefficients of D, (s,t) and N,(s,t). These coefficients, however, do not necessarily represent
physical quantities and, in general, would be nonlinearly related to parameters with physical meaning through
a similarity transformation. An additional issue of concern is that although, in principle, the speed of the

structured part can be arbitrary, practical considerations put an upper bound on the derivatives of II for
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which the results make sense. The reason is that, in general, the sensitivity of the prediction error bounds on
the practically unavoidable uncertainties in Il increases as the derivatives of Il become larger. Consequently,
if we allow II to vary arbitrarily fast, we must also require that it 1s known with a practically unreasonable
degree of accuracy. Thus, it should be emphasized that the intended purpose of the structured parameter
variations approach is to reduce, rather than eliminate, the effective size of the perturbation introduced by

the TV nature of the estimated parameters.



Chapter 4

Model Reference Control

4.1 Introduction

A class of feedback control strategies that has attracted considerable interest in the area of control systems
and particularly in adaptive control is Model Reference Control (MRC). The principal idea behind MRC is
to design the control law so as to achieve some prescribed tracking performance characteristics. In a typical
MRC approach, a reference model is selected describing the desired I/O characteristics of the closed-loop
plant, from the reference or command input to the plant output. The control law is then designed so that
the T/O operator of the closed-loop plant, from the reference input to the plant output, matches the 1/0O
operator of the reference model.

In the case of LTI plants, the MRC approach effectively amounts to a pole and zero placement design
whereby feedback is used to place the plant poles at the desired locations while the plant zeros are cancelled
and replaced by the desired zeros. For such a design to be meaningful and feasible, both the plant and
the reference model must meet certain conditions. First, from an internal stability point of view, any
cancellations must occur in the left half-plane, something that is often referred to as the minimum phase
plant condition (or assumption). Second, from a realization/implementation point of view, the controller
I/O operator should be at least proper, something that translates into a matching condition between the
relative degrees of the plant and the reference model.

In this chapter we extend the MRC assumptions and design techniques, which are well understood in
the LTI case, to the more intricate case of LTV plants. In particular, we study the design of MRC for
LTV plants with the objective of forcing the LTV closed-loop plant to have the same (or approximately
the same) I/O operator as a, typically LTI, reference model. We begin with Section 4.2 where we state
the control problem for a class of LTV plants with smooth parameters, defined by a set of assumptions
which are an extension of the LTT MRC assumptions. In Sections 4.3 and 4.4 we design and analyze MRC
schemes meeting the MRC objective. The special case of slowly TV plants is treated in Section 4.5 where
we study the applicability of pointwise LTT techniques in the design of (approximate) MRC’s. In Section
4.6 we consider a more general class of plants with non-smooth and discontinuous parameters and establish
that the MRC design of Sections 4.3 and 4.4 can be extended to this case as well, at the expense of some
performance deterioration. We conclude this chapter with Section 4.6 where we present simple examples

and simulations illustrating the design and performance of MRC schemes in the LTV case.

65
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4.2 Problem Statement
Consider a SISO LTV plant described by the state-space equations

t, = At)xp, + b(t)u,
v = c (D (4.1)

and satisfying Assumptions 3.1-3.3.
The MRC objective 1s defined as follows:
Determine a control input u, such that the closed-loop plant is internally stable and the plant output y,

tracks the output vy, of the LTI reference model'
Ym = Win()[r] = bk D5 (5) N (5)[r] (4.2)

for any UB, piecewise continuous reference input signal 7.

In order to design a control law that meets the MRC objective, we need to impose certain additional
conditions on the plant and the reference model. For reasons of convenience, these conditions are stated on the
PDO factorization of the plant, rather than its state space descripion. Note, however, that such a statement
18 not restrictive since under Assumptions 3.1-3.2 the plant admits a left or right PDO factorization.

Our first condition concerns the high-frequency gain of the plant, as defined in Section 3.2, which should
be bounded away from zero. Inherent in this condition is also the requirement that the relative degree of

the plant should be constant.

4.1 Assumption: The sign of the high-frequency gain, ky(t), is constant and ky(t) is smooth, UB and
bounded away from zero. Without further loss of generality we assume that, there exists a constant ¢
such that

kp(t) > ¢>0

Vi > to. [

By virtue of Assumptions 3.1-3.2 and 4.1, the I/O operator of the plant (4.1) admits PDO factorizations
in the right form (Pg), i.e.,

Yp = kp()Np(s,0) D5 (5, ) [uy] (4.3)
or the left form (Pr), i.e.,
vp = Dy (5, )Np (5, )k (1) ] (4.4)

where Dy (s,t), Ny(s,t) are monic PDO’s with UB coefficients and of constant degree, denoted by n,m
respectively. Furthermore, in (4.3) D,(s,t), Np(s,t) are strongly right coprime while in (4.4) D,(s,t), Np(s,1)
are strongly left coprime PDO’s in [tg, o0).

Our second condition on the plant concerns the stability properties of Np_l(s,t).
4.2 Assumption: Np_l(s,t) 1s an ES PIO with rate bounded from above by —«, for some o > 0 [ |

In other words, the state transition matrix associated with the differential equation N,(s,t)[z] = 0, say
By (.,.), is assumed to satisfy ||®n (¢, 7)|| < ke~ 2=7) for some positive constants k,a and all ¢ > 7 > t,.
The differential equation N,(s,t)[z] = 0 describes what is often referred to as the zero dynamics of the plant.
Note that Assumption 4.2 is the LTV generalization of the minimum phase condition in the LTI MRC case.

Further, we assume that the reference model is selected to satisfy:

1The selection of the reference model as an LTI one is done for the simplicity of the analysis and design convenience; LTV
reference models, satisfying similar assumptions, can be accommodated just as well.
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4.3 Assumption: D, (s) and Np(s) are monic and Hurwitz (i.e., their inverses are ES PIO’s) with
deg[ Ny, (s)] < deg[Dp(s)] — 1. |

4.4 Assumption: W, (s) is designed so that deg[Dn(s)] < deg[D,(s,t)], deg[Dn(s)] — deg[Nm(s)] =
deg[D,(s,t)] — deg[Np(s,8)](= n —m) and ky, > 0, t.e., the LTV plant and the reference model have

the same (constant) relative degree n* 2n—m. |

In the subsequent sections and chapters, we refer to Assumptions 4.1-4.4 as the MRC assumptions.

The requirement that the plant output y, tracks the output of the reference model y,, for any UB
reference input » implies that the control input u, should be chosen such that the closed-loop I/O operator
7+ gy, Is equal to the I/O operator of the reference model. In the mathematical framework of Chapter 2,
this problem can be cast in an elegant way as the solution of a Diophantine equation. The design and 1/0O

properties of such an MRC law are presented in the following section.

4.3 TV MRC Design

Employing the techniques of [DLMS.80] we note that for the Pgr plant, (4.3), a stabilizing controller is
described by an I/O operator with a left factorization

uy = Ny (s,6) N (5.0) [y (4.5)

for some PDO’s Ny(s,t), Na(s,t). Furthermore, a controller with I/O operator

km
kp (1)

can also be used to stabilize the plant (4.4) in the Pr-form by selecting

N3 (s, )N (s,1)[yy) (4.6)

Up:

Ny(s,t) = éﬁz(s,t)]\fp(s,t)km.
With this selection, the PDO N,(s,t)k,(t) is directly cancelled by the controller PIO Ny (s,1); such a
cancellation is permitted since Np_l(s,t) is assumed to be exponentially stable and k,(t) is bounded away
from zero. Thus, the plant I/O operator becomes effectively Dp_l(s,t), which belongs to the class of plants
described by a Pr-form and can therefore be stabilized by a controller with a left factorization. In both cases,
we must avoid the appearance of the controller PDO Ny(s,t) as a PDO in the closed-loop 1/O operator.

This is achieved by writing the controller I/O operator in a proper stable factorization form as
up = N3 ' (5,)D(s)D ™ (s)N1(s,1)[y,)

where D=1(s) is ES and deg[N,(s,t)] < deg[D(s)] < deg[Na(s,t)] and then implementing N5 *(s,¢)D(s) in
the forward path and D=1(s)Ni(s,t) in the feedback path.

The above discussion motivates the design of a MRC law as given by the following lemma.

4.5 Lemma: Consider the LTV plant (4.3) or (4.4) and suppose that Assumptions 4.1-4.4 hold.
Further, consider the control input defined by

uy = eo(t) N5 (5,1)D(s) [+ D™ ()N (s, 1) (4.7)

where D(s) is a monic, Hurwitz PDO? of degree n — 1 and such that N,,(s) is a right factor of D(s), ie.,
D(s) can be expressed as D,(s)Np(s) for some Hurwitz D,(s); N;(s,t), i = 1,2 are PDO’s of degree n — 1

2That is, D71(s) is an ES PIO.
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Figure 4.1: The TV MRC closed-loop plant.

with Na(s,t) monic and cg(t) is a scalar function of time. Then, the controller parameters, i.e., co(t) and
the coefficients of N;(s,t), can be selected so that the closed-loop I/O operator Sy, : r +— y, is BIBO stable
and equal to the reference model I/O operator Wy, (s); furthermore, the controller parameters are smooth,

UB functions of time and can be calculated by solving the algebraic design equations
Nas, 065 (01D, (5,) = Na(5,00ky ()N (5,2) = D (5) D (5)eolt)™ LNy (5,)
for a plant with I/O operator in the Pr-form (4.3), or
Nz(s,t)Dp(s,t) — kp N1(5,1) = kD, (8) Dy (s)k 1
No(s,t) = kit No(s, t)Np (s, t)km
for a plant with I/O operator in the Pr-form (4.4). \VAV

Proof: 1In Appendix IV.

Lemma 4.5 establishes the existence and provides a design procedure of a MRC law with smooth UB
parameters which achieves the equality of the closed-loop plant and reference model /O operators. Another
important consideration in the design of control systems is the BIBO stability and I1/O properties of the
closed loop with respect to external inputs entering the loop at any break point between the controller and
the plant, as shown in Fig. 4.1. Such external inputs are often used to model the effect of input disturbances
(dy), output disturbances (dy), sensor noise (d,) as well as effects of initial conditions. The properties of
the I/O operators from any of these external inputs to any closed-loop signal, often referred to as sensitivity

operators, are discussed in the following lemma.

4.6 Lemma: Consider the closed-loop system shown in Fig. 4.1 for which ¢q(t), Ni(s,t), Na(s,t) are
designed as in Lemma 4.5. Then the I/O dependence of up, y, on the external signals r, dy, dy, d, Is
described by

.
up Sru Suu Syu Snu du

_ 4.8

[ Yp ] [ Sry  Suy  Syy  Ony Zy (18)

where, omitting the PDO/PIO arguments for simplicity, the various sensitivity operators are given by:
1. For plants in the Pp-form, (4.3), Syy = [Gf]_le, Spy = Wi and

Spw = DpD7'D 5 Spy = kyN,D7'D
Suu=—14+ DD 'Nacg ; Suy = kN, D 'Nocy'!
Syu = Spu =Dy D7*N1 3 Spy =Sy —1=k,N,D;' Ny

D. = Nocg' Dy — NikyN, = D,Dpey'N, (4.9)
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2. For plants in the Pr-form, (4.4), Spy = [Gﬁ]_le, Spy = Wi and

Sru =k, "N DD kg D3 Sy = D7 kg D
Suu = =14k 'N7'D, D' NyNykyeo 3 Suy = DI NaN,k,
Syu = Snu =k, "N ' DD by Ny 5 Spy = Syy — 1= D7 ki Ny
D, = NoDp —kyy Ny = by D, Dkt 5 Ny = k' NoN,kyp, (4.10)

Furthermore, there exists 6. > 0 which in general depends on the stability margin of Dy, (s), D(s) and
N, (s,t) such that for any é € [0,6,), and any initial time to, the various sensitivity operators are L,(§)-
stable, p € [1,00], uniformly in ty; also, for the strictly proper sensitivity operators, the corresponding g, s
gains exist and are finite, uniformly in t;. \VAV/

Proof: 1In Appendix IV.

At this point it must be emphasized that, although the MRC objective is originally motivated as a
tracking problem, its practical application should also take into account the effect of possible disturbances
and modeling errors on the plant output. As shown in Fig. 4.1, these disturbance effects are modeled by the
external inputs d,,, dy, d, and their contribution to the total closed-loop response is completely determined
by the respective sensitivity operators. These effects can be reduced, for example, by an appropriate selection
of the reference model and the auxiliary filter to partially shape the appropriate sensitivity operators, for
which W,,(s) and D(s) act as ‘tuning’ parameters (eqns. (4.9) and (4.10)). Tracking specifications can
then be met by prefiltering the reference signal. Some additional sensitivity-shaping techniques are briefly
discussed below where we consider the design of higher order TV MRC’s which provide some additional

degrees of freedom. We refer to such controllers as over-parametrized TV MRC's.

4.3.1 Design of Over-Parametrized TV MRC’s

A direct consequence of Corollary 2.16 is that the TV MRC solution given by Lemma 4.5 is unique. Its unique-
ness, however, relies heavily on our choice to design a TV MRC for which deg[Na(s,t)] = deg[N1(s,t)] = n—1.
This choice is by no means necessary and, in fact, a variety of higher order TV MRC’s can be produced,
all of them satisfying the basic MRC objective as stated above. Despite this obvious disadvantage due to
the increased order and complexity, such a TV MRC may have some important advantages in applications,
resulting from an additional flexibility of shaping its sensitivity operators to attenuate external disturbances
and improve its robustness properties with respect to modeling errors. In the following we briefly discuss
this issue by means of two examples.

4.7 Example: Design of a Strictly Proper TV MRC:

In this example we consider the design of a TV MRC whose /0 operator Ny (s, )Ny (s,1): Yp — up has

relative degree £ > 1. Such a design can be obtained as a direct extension of Lemma 4.5 by choosing
o deg[Na(s, )] = deg[D(s)] = n+ £ — 1
e deg[Ni(s,8)]=n—1

where, as usual, n = deg[D,(s,t)]. While it is straightforward to verify that the results of Lemmas 4.5 and
4.6 are still valid —taking of course into account the different degrees of Na(s,t) and D(s)— Corollary 2.16
shows that this TV MRC solution is unique for any fixed ¢ > 0.

Among the advantages of a strictly proper TV MRC is an improved attenuation of high-frequency sensor
noise, as it can be seen from the expressions for the sensitivity operator Sy, in (4.9) and (4.10). Furthermore,
such a design is of particular interest in the adaptive control case, where it contributes to the simplification

of the analysis and possibly improves the closed-loop robustness properties. \VAV/
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4.8 Example: Shaping the Sensitivity Operators:

Let us consider an LTV plant in the Pgr-form (4.3)3 for which a TV MRC has been designed as in Lemma
4.5. Following the analysis of [DLMS.80], this basic TV MRC can now be used to derive a class of higher-
order controllers which satisfy the same MRC objective and, in addition, allow some flexibility in shaping
the characteristics of a closed-loop sensitivity operator.

Omitting the arguments for simplicity, let V, W, Dy, Ny denote PDO’s with UB coefficients such that

o deg[V] > deg[W];
e V is a monic PDO and V1 is ES;

e Dy is monic and NoD, + Dok, N, = 0 in Ry (the existence of Dy, Ny is guaranteed by Assumptions
3.1-3.3 which imply the strong right coprimeness of Dy, k, N, );

Further, consider the control law
up = coNy 'V D[r + (VD) ' Nyy,]

where

NxIVNz—FWN()CQ ; NyIVNl—WDo

where Ny, N1 and D are as in Lemma 4.5. It is quite straightforward to show that the results of Lemma
4.6 are valid for this control law as well, provided that in the expressions (4.9) we replace No, N1, D, D,
by Ny, Ny, VD,V D, respectively. Hence, S,, = W,,(s) and since V=1 is an ES PIO, this control law
also satisfies the MRC objective. It does, however, introduce additional degrees of freedom in the TV MRC
solution (namely the arbitrary PDO 1) which can be used to alter the properties of the sensitivity operators,
other than S,, and S,,,.

Suppose, for example, that in addition to the TV MRC objective we would like to reject output distur-
bances d, for which an internal model is available. That is, d, satisfies the differential equation L(s)[d,] = 0;
typical examples are constant disturbances (d, = const., L(s) = s) or sinusoids (d, = sin(wot + ),
L(s) = s* + w?). For this purpose, we may select W to have degree deg[L] — 1 and satisfy a Diophan-
tine equation of the form

XL+ WDy=VNi+VD,Dp,/km

where X 1s some PDO of appropriate degree. It follows that this equation has a solution for W and X
with UB coefficients provided that Dy and L are strongly right coprime PDQO’s. Under this condition, the
sensitivity operator Sy, in (4.9) takes the form

Syy = km DDV TIXL.

Thus, the contribution of d, on the output, given by Sy,[d,], is exponentially decaying to zero.

The above procedure is nothing more than the TV version of the so-called Internal Model Principle (IMP)
design which is frequently used to shape the closed-loop sensitivities in the LTI case. Also notice that in
this example, the IMP design was facilitated by the controller structure and the assumption that Np_1 18
ES which may not be available in a general controller design. (For additional comments, see also the next

chapter where an IMP design for P plants is considered.) \VAV/

In our development and study of the TV MRC problem so far we have dealt with only the I/O operator
properties of the closed-loop plant, having tacitly assumed that all initial conditions are equal to zero. To
account for arbitrary initial conditions in the closed-loop response we first need to specify the structure of
the controller realization and then invoke Lemma 2.35 to establish the internal stability of the closed-loop

plant. This problem is discussed in the following section.

3Similar techniques can be used for Pr-plants, (4.4), as well.
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4.4 Realization of the TV MRC and Internal Stability of the
Closed-Loop Plant

The final issues to be resolved in the MRC problem for LTV plants, as posed in the previous section, are
the state-space realization of the TV MRC compensators and the internal stability of the closed-loop plant.
As mentioned above, the overall TV MRC scheme consists of two compensators, a cascade and a feedback
one, with respective 1/O operators co(t) N5 '(s,)D(s) and D~1(s)N;(s,t). The realization of the two 1/O
operators in state-space follows the guidelines of the Examples 2.37 and 2.23. Note that the PDO’s N;(s, 1),
obtained as the solution of the respective Diophantine equations are in the left form and must be converted
to the right form before realized in state-space (see Example 2.23). The state-space realization principles of

the TV MRC scheme are summarized by the following corollary.

4.9 Corollary: To realize in state-space the TV MRC scheme of Lemma 4.5 the plant output y, and

input u, are used to generate a (2n — 1)-dimensional auxiliary vector w as follows:
w'lewl—l—Hlup ; CL}.ZIFWZ—i—HQyp ; (.d3:93yp (411)

w=[w],wq,ws]T ; 0=1[0],05,05]" is a (2n — 1)-dimensional parameter vector and F' € R(»=1x(=1) g
a stable matrix with det(sI — F') = D(s). The input to the plant is then taken as

up = ¢p(t) [gTw + r] (4.12)

where ¢ = [¢7,q",1]T is a constant vector such that (¢, F) is an observable pair and ¢y is a scalar
parameter. Then, there exists a control parameter vector [0] (t), co.(t)]T such that the control law (4.11),
(4.12) satisfies the TV MRC objective. Further, [0] (t), co.(t)]T is UB and at least once differentiable with
UB derivative, provided that the plant parameters are UB and possess a sufficiently large but finite number

of UB derivatives. \VAV/

Proof: 1In Appendix IV.

Given the above realization of the controller, we are now in a position to describe the internal stability
properties of the closed-loop plant. This result is a direct consequence of Lemmas 2.35 and 4.6 and establishes
the well posedness of our solution to the MRC problem. That is, under the MRC assumptions, the TV MRC
meets the MRC objective and guarantees the ES stability of the closed-loop plant for all uniform realizations
of the plant and its BIBS/BIBO stability with respect to all exogenous signals and initial conditions. This

result is made precise by the following theorem.

4.10 Theorem: Under the conditions given in Lemma 4.5 and Corollary 4.9, the closed-loop plant is ES*
and, therefore, BIBS stable for any external UB input. Furthermore, there exist constants ¢, a > 0 such that
for all ty > 0 and any bounded initial conditions set at tq, the ZIR of the closed-loop plant is bounded from
above by cexp[—a(t — tg)]; ¢ depends on the bound of the initial conditions and a depends on the location
of the roots of D(s), Dp(s) and the rate of exponential stability of Np_l(s, t). \VAV

Proof: 1In Appendix IV.

Needless to say, the results of the above theorem are also valid for the over-parametrized TV MRC’s
presented in the previous section, provided that these controllers are realized according to Corollary 4.9; of
course, some slight differences appear due to the increased order of the filters F' and, for a strictly proper
TV MRC, the absence of a direct throughput in the operator N5 '(s,t)Ny(s,t) : Yp Uy, i, 03 =0.

4.11 Remark: It should be mentioned that a technical, but important, difference between the TV
MRC for plants Pr and plants Pg is that the former involves direct cancellation of the plant PDO, while in

*Note that an LTV system is ES if the corresponding state transition matrix satisfies ||®(t,7)|| < ke=a(t=7)  for some
positive constants k,a and all t > 7 > tg.



4.4. REALIZATION AND INTERNAL STABILITY 72

Ym

Y
5
z

€1

Figure 4.2: The MRC structure for LTV plants (TV MRC).
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Figure 4.3: The standard (PW) MRC structure for L'TT plants.

the latter the plant PDO is cancelled by the closed-loop PIO, after an appropriate solution of the Diophantine
equation. The implication of this observation is that the TV MRC state-space structure can be used in both
TV MRC or TV PPC design of Pg plants by simply altering the choice of the desired closed-loop PIO. The

same is not true for plants Pr for which a TV PPC design requires a different controller structure. vV

Following the results of Lemma 4.5 and Corollary 4.9, the block diagram of the closed-loop plant with
the TV MRC compensator is as shown in Fig. 4.2. We note, however, that the structure of this TV MRC
scheme 1s essentially different from the standard one, shown in Fig. 4.3, which has been developed and
widely used for LTT plants [N.V.78]. The difference between the two controller structures is due to the TV
nature of the plant, for which the desired controller parameters are also TV, and it is discussed below.

Using the standard MRC, the control input is generated by
W =Fu +qu, 5 wy=Fuws+qy, (4.13)
up = 0w + cor (4.14)

where w = [w,w, ,yp]"; @ = [0],04,605]7 and F, q are as in Corollary 4.9. After some straightforward

manipulations it follows that u, can be written as

up = Moa(s, 1) D™ (s)[up] + Mi(s,6) D™ (8)[yp] + 03(1)yp + colt)r
= D(S)Mz_l(s,t) [co(t)r + Ml(s,t)D_l(s)[yp]] (4.15)
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where D(s) = det(sI — F) and M;(s,t) are PDO’s such that M;(s,¢)D~!(s) = 6;(s] — F)~*q. From the last
equation, it becomes apparent that the cancellation of D(s) and D~!(s) from the I/O operator y, — u, of
the controller is not possible in general, unless the PDO’s M;(s,t) are TI. Hence, the matching condition
cannot be expressed as a PDO equation and this controller does not satisfy the MRC objective in the general
LTV case. Moreover, additional problems arise due to the location of ¢g(t), when Ny, (s) is not identically
one. If, however, we assume that the plant is slowly TV, then we can perform the MRC design in a pointwise
fashion that is, as if the plant were LTI at every time instant. We refer to the resulting MRC scheme as the
pointwise MRC (PW MRC). The properties of the PW MRC as well as those of the TV MRC in the special

but practically interesting case of slowly TV plants are discussed in the following section.

4.5 Slowly TV Plants

Our motivation to consider the case of slowly TV plants lies in the fact that in many practical applications the
speed of the plant parameter variations is ‘small’ in some sense, e.g., the derivatives of the plant parameters
are small for all £ € R4 or they are small in the mean. For reasons of clarity and ease of exposition, we
first discuss the case where the plant parameter variations are slow, uniformly in time. The generalization of
the results for slowly-in-the-mean TV plants or piecewise smooth plant parameters (e.g., jump’ parameter
variations), requires somewhat more involved arguments and is considered separately later in this chapter.
The intuitive idea behind the analysis of the slowly TV case is to consider a MRC law for the frozen
plant (i.e., a pointwise design) for which the resulting frozen closed-loop plant is ES and then use Lemma
2.42 to establish stability for the TV closed-loop. In other words, since ES systems are robust with respect
to ‘small size’ state dependent perturbations, the main difficulty is to establish the appropriate conditions
which guarantee that the size of the closed-loop perturbation caused by the variation of the plant parameters
is small in some sense. We begin with the analytically simpler case of LTV plants whose parameter variations
are slow, uniformly in time. That is, we consider the LTV plant (4.1) which satisfies Assumptions 3.1-3.3
and, therefore, admits an I/O representation of the form (4.3) or (4.4). In addition, we assume that the

plant parameters, denoted by the vector ©,, satisfy
4.12 Assumption: ||%®p(t)|| <p,VteRy, i=1,2 ... for some ‘small’ parameter pu > 0. |

In Assumption 4.12 the parameter p acts as a measure of the speed of variation of the plant parameters, in
terms of the maximum magnitude of their derivatives. When g = 0 the plant parameters are constant and
the plant is LTI. When g is small, the plant parameters change slowly with time and the properties of the
LTV plant can be approximated by the properties of the corresponding sequence of frozen LTT plants. For

example, for sufficiently small g, Assumption 3.2 is implied by

4.13 Assumption: The PW (frozen) controllability and observability matrices of the triple [A(t), b(2), ¢(?)]

are strongly nonsingular. [ |

Note that, given a plant in the form (4.1), Assumption 4.13 is easier to check than its TV counterpart
3.2, since the construction of the PW controllability and observability matrices is identical to the LTI case
and does not involve the derivatives of the parameters. Similarly, the strong coprimeness of PDOQ’s can
be simply checked by examining the coprimeness of the corresponding families of frozen polynomials (see
Section 2.7, Lemma 2.41). The latter can serve to check the validity of Assumption 4.13 by examining the
strong PW coprimeness of the polynomials in the frozen I/O representation of the plant, i.e., the numerator
and denominator of the PW plant transfer function.

It should be pointed out that Assumption 4.12 is quite strong in the sense that a possibly large —

but finite— number of derivatives of the plant parameters are required to be small. Later in this chapter
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we discuss how this assumption can be replaced by much weaker versions, e.g., ||®p(t)|| is small almost
everywhere or small on the mean-square sense.

Let us now consider the MRC problem for the LTV plant (4.1) satisfying Assumptions 4.12, 4.13, in
addition to 3.1, 3.3. Further, regarding the MRC Assumptions, since the plant is slowly TV, we may replace

Assumption 4.2 by its pointwise counterpart:
4.14 Assumption: The roots X\;(7) of the polynomial Ny -(s) € {N,:(s)}: satisfy
ReD(t)] < —a
Yt >0, for some a > 0. |

Notice that Assumption 4.14 is considerably easier to check than 4.2. The former is simply a condition
on the roots of a family of polynomials while the latter requires the calculation of the state transition matrix
assoclated with the differential equation N,(s,t)[z] = 0. Again, for sufficiently small p, if Assumption 4.14
holds then so does 4.2.

4.15 Corollary: Consider the LTV plant 4.1 satisfying Assumptions 4.12, 4.13, 3.1, 3.3, 4.1, 4.14, 4.3,
4.4; then there exists jig > 0 such that the results of Lemma 4.5 hold for any pu € [0, po). \VAV/

Proof: Straightforward from Lemma 4.5, since there exists g > 0 such that Vy € [0, ug), Assumptions
4.13, 4.14 imply 3.2, 4.2 (see Lemmas 2.33, 2.41 and 2.42). od

4.16 Remark: It is possible to relax the strong controllability assumption to a ‘strong stabilizability’
one, without affecting the tracking performance of the TV MRC for P plants, or with an O(y) error for Pg
plants. This direction, however, is not pursued here as it imposes certain restrictive conditions on the internal
structure of the plant (e.g., existence of Lyapunov transformations, structure of uncontrollable modes) in
order to assure the internal stability of the closed-loop plant. \VAV/

The stability and tracking properties of the standard PW MRC, designed pointwise in time, can now be
derived from those of the TV MRC and are given by the following theorem.

4.17 Theorem: Consider a slowly TV plant satisfying Assumptions 4.12, 4.13, 3.1, 3.3, 4.1, 4.14, 4.3,
4.4. Then there exists p1 > 0 such that the PW MRC (4.13), (4.14) guarantees that the closed-loop plant is
ES and, therefore, BIBS stable for any p € [0, u1). Furthermore, the plant output y, satisfies

Yp = Win(s)[r] + La(s, )[up] + La(s,)[yp]

where L1(s,t), La(s,t) are strictly proper, ES I/O operators with UB parameters and rate that depends on
D=1(s), D, (s). In addition, there exists &, > 0 such that for any fixed § € [0,64), vp 5(Li), 9p.s(L;) < O(p)

m

where p € [1,00], i = 1,2 and é, depends on the stability margin of D~=1(s), D;;(s). \VAV

m

Proof: 1In Appendix IV.

The significance of the above theorem is that for slowly TV systems, a controller can be designed and
realized in a PW sense. In other words, for the purposes of a control system design, the plant can be assumed
to be LTT at every time instant, something that simplifies a great deal all the necessary computations, at the
expense of an O(p)-small deterioration in performance and stability margins (see also [S.A.91] for a more

general and quantitative version of this result).

4.6 Non-Smooth Parameter Variations

Let us now consider the design of a MRC for the more general LTV plant

&= Aotz + bo(t)u, + A(t)e + b(t)u,
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Yy = ci(Wr+é () (4.16)

whose nominal and perturbation part satisfy Assumptions 3.4-3.6.

By virtue of Assumption 3.5, the nominal part of the plant admits an I/O operator with a PDO fac-
torization as in (4.3) or (4.4), inside every interval (¢;,%¢;41). That is, for the nominal part of the plant
(4.16)

£, = A.(t)x,+ bo(t)up
Yp = C;r(t)%

we may write an I/O operator in the form (4.3) or (4.4), inside every interval (¢;,¢;41). Further, let us
assume that, for the nominal part of the plant, the MRC assumptions (4.1-4.4) are satisfied inside every
interval, uniformly in j.> Then, the controller design procedures developed in Sections 4.3, 4.4 are applicable
and we can design a TV MRC in a piecewise sense for each interval (¢;,¢;11). Thus, the control input is
determined from (4.7) or its state-space counterpart (4.12) in a piecewise sense.® In this section we apply
this MRC input to the general LTV plant (4.16) and analyze the closed-loop stability properties.

Note that we should not expect the outcome of such a design procedure to meet the MRC objective
exactly. A simple way to demonstrate this fact is to consider a plant with an output vector containing an
infinite number of discontinuities. Since the plant output is a discontinuous function of time at an infinite
number of points, it cannot be forced to track the continuous output of the reference model, no matter what
control input is used (it is assumed, of course, that delta distributions are not admissible as control inputs).

Another issue of concern is that, even if the perturbation matrices A, I;, ¢ are identically equal to zero, the
piecewise I/O description of the plant is not complete since it does not include the necessary boundary con-
ditions at each discontinuity point. Consequently, a controller which is designed based on such a description
1s not necessarily a stabilizing one. However, from Theorem 4.10 we have that the TV MRC guarantees the
closed-loop exponential stability, whenever the pertinent assumptions are satisfied. In view of Corollary 3.8,
a TV MRC could still preserve the closed-loop stability and achieve ‘good’ tracking in a mean-square sense,
provided that on the average the discontinuities are not too frequent and the perturbation part is sufficiently
small. The latter can be visualized by considering a plant with parameter discontinuities separated by large
time intervals in the time scale of the closed-loop states. In this case, after a parameter discontinuity occurs
the closed-loop plant output may depart from its reference trajectory and then converge to it exponentially
fast. Thus, if the interval between two successive discontinuities is long enough, the plant output follows the
reference trajectory for most of the time. This intuitive idea is made precise in the following theorem where,
as in Chapter 3, v is used to denote the average frequency of parameter discontinuities and p’ to denote
the size of possible state perturbations caused, for example, by smooth approximations of non-differentiable
parameters.

4.18 Theorem: Consider the LTV plant (4.16) whose nominal and perturbation parts satisfy Assump-
tions 3.4-3.6. Further, suppose that the nominal part of the plant [A,,b,, ¢,] satisfies the MRC Assumptions
4.1-4.4 inside every interval (t;,1;11), uniformly in j and the TV MRC control input is designed based
on the nominal plant for each interval (t;,t;4,1). Then there exist vy > 0, pg > 0 such that Yv € [0, 1),
V' €10, puy), the closed-loop plant is ES. Furthermore, there exist positive constants K, K’ ,C such that

to+T
1) — ym(t U <CH+ KvT + K'W'T
|yp() y ()| > H

to

5For Assumption 4.2 in particular, uniformity in j means that there exist positive constants k,a, independent of j, such
that the state transition matrix associated with the differential equation Np(s,t)[z] = 0, say ®n(.,.), satisfies ||® (¢, 7)|| <
ke=e*=7) for all t > 7 € (t;,4;41) and all j.

6 At the points of discontinuity t; the control input and the initial conditions of the filters in (4.12) can be arbitrary but UB.
For example, a reasonable choice is the respective left limits.
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for all to,T > 0. vV

Proof:  With the results of the previous sections and Corollary 3.8, the proof of the theorem is quite
straightforward. Using a uniform realization of the plant and the appropriate controller realization, we obtain
a state space representation for the closed-loop plant which is decomposed into a nominal and a perturbation

part.

i, = Az, +b.()r+ A (), + b(t)r
v = ¢ (r+e ().

where the subscript ‘¢’ denotes the closed-loop states and nominal parameters and > denotes the closed-loop
perturbation part, having the same properties as fi(t), I;(t), é(t).

From Theorem 4.10 we have that the nominal part is ES inside all intervals (¢;,¢;41) —with rate de-
pending on D;1(s), D71(s), Np_l(s,t)f and therefore, by Corollary 3.8, the nominal closed-loop plant is
ES for sufficiently small v. Hence, invoking Lemma 2.45, the overall closed-loop plant is ES V u' € [0, up)
and Vv € [0,vp), for some pfy > 0, vy > 0. Finally, the expression for y — y, is obtained by integrating the

solutions of the respective differential equations:

Ym (t) = e ()P (E,t5)2m(t;) + cm(t)/t D, (8, T)b (7)r(7) dT (4.17)

J

(1) = leelt) + ()] @elt 1)xe(ty) (4.18)

Heo(t) + &.(1)) /t “au(t7) [Ac(r)ee(r) + be(r)r(r)] dr

t t
+eo(t) / S (t, m)be(T)r(T)dr + ¢.(2) / S (t, 7)bo(T)r(7T)dr
tj t
where ®.(-, ) is the nominal state transition matrix associated with A.(¢) and the subscript ‘m’ denotes the

reference model. The result now follows from the equality of the I/O operators of r + y,, and that of the

nominal part of » — y, inside each interval (¢;,¢;41), i.e.,

t t
cm(t)/ D, (¢, )b (T)r(7T) dr = cc(t)/ D (t, 7)be(T)r(T)dr
tj tj

and the boundedness of z.. Notice that when discontinuities appear in the plant description, the closed-loop
I/O operator is equal to the desired one only inside the intervals between discontinuities and y, may be

discontinuous. oo

An interesting observation is that y,, given by (4.18), depends now on the complete closed-loop state
vector which, in turn, depends on the zero dynamics of the plant. The appearance of the plant zero dynamics
on the output has some important consequences in the selection of normalizing signals for the adaptive control
case, considered in Chapter 7.

Finally, it should be mentioned that a somewhat more general (and more complicated) version of the
above theorem can be established in the case where strong controllability /observability of the nominal plant
1s lost inside some time intervals of small-in-the-mean length. Such a result follows from Lemma 3.7 using
similar arguments as in Theorem 4.18. We omit the details, however, since in our formulation such a
situation can be treated by an appropriate selection of the nominal part of the plant. For example, during
these intervals we may choose the nominal part as a fixed LTT system satisfying all the pertinent assumptions

and incorporate the difference in the perturbation part.
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4.6.1 Slowly TV Plants Revisited

In Section 4.5 we established the properties of a PW-designed MRC in the case of slowly TV plants under
the quite restrictive Assumption 4.12. With this assumption we required that all the derivatives of the plant
parameters, needed in our calculations, should be sufficiently small. It is intuitive, however, that since the
frozen closed loop with a PW MRC is ES, the smallness of the first derivative of the plant parameters should
suffice to guarantee the closed-loop stability. (Of course, the argument applies as well to the TV MRC
structure with parameters designed for the frozen plant.) This observation is quantified in the following

corollary.

4.19 Corollary: Consider a slowly TV plant satisfying the MRC assumptions of Theorem 4.17 except
that the plant parameters are only required to be Lipschitz continuous UB functions of time and Assumption

4.12 is replaced by
4.20 Assumption: ||(;)p||Oo < . |

Then there exists p11 > 0 such that
1. a PW-designed MRC guarantees that the closed-loop plant is ES and, therefore, BIBS stable for any

€ [0, pr);
2. the plant output y, satisfies

Yp = Win(s)[r] + La[zc] + La[r]

where L1, Ly are strictly proper ES operators and z. is the state vector of the closed-loop plant;
3. for any fixed p} € [0, 1) there exists 6, > 0 which depends on the rate of exponential stability of
D=(s), D;1(s), Np_l(s,t) and the value of pif such that for any § € [0,6.), vp,5(Li), gp,s(L;) < O(p) where

m

p€0,p1],i=1,2 and p € [1, 00]. \VAV/

Proof: 1In Appendix IV.

Notice that, as in Theorem 4.18, the complete state vector of the closed-loop plant appears in the output
which may now be affected by the zero dynamics of the plant. This is an important qualitative difference
from the smooth-parameter case where the stability properties of the output perturbation operators were
independent of the rate of exponential stability of Np_l(s,t) (Theorem 4.17).

4.7 Examples

In the following examples we demonstrate the similarities and differences in the design and tracking perfor-
mance of the TV and the PW MRC schemes.
In both examples and the corresponding simulations we consider the LTV plant
2
%yp + al%yp + asyp = up (4.19)
where a1, az are TV parameters. The MRC objective is to make the plant output y, track the output of the
LTT reference model

[ + 35 + 2y = 7 (4.20)

where r is the reference input signal.
4.21 Example: PW MRC Design for LTV Plants. The standard PW MRC law, used for LTI plants,

is shown in Fig. 4.3 and is summarized below for the plant (4.19).

W= —wiF Uy, Wo=—waF Yp; Up = brwr + Oows + 03y, + 7 (4.21)
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where 61, 02, 5 are the scalar controller parameters to be chosen for model-plant 1/O matching. Using the

properties of the PDO’s and PIO’s the closed-loop plant may be written as
[(5 +1-6)(s+ 1)_1(52 +ars+az)(s+1)— 02 —0s(s + 1)] (s+ 1)_1yp =r (4.22)
For I/O matching, i.e., yp = ym, Vr we should find 61, 62, 85 such that
(s+1—-01)(s+ 1)_1(52 +arstaz)(s+1)—0;—0s3(s+1)=(s+ 1)(52 +35+2) (4.23)

As shown in [N.V.78],7 in the special case of LTI plants where a1, as are constants, there exist constants f.;
for which (4.23) is satisfied. In the TV case, however, a1, as are functions of time (the argument ‘¢’ is dropped
for simplicity). Since the PDO’s with TV parameters do not commute with respect to multiplication, i.e.,
(s +1)71(s? + a1s+ as)(s + 1) # s + a1 + as in general, (4.23) cannot be solved for 01, 5, 03 directly as
it is done in the LTT case. Despite this difficulty, expressions for 61, 2, fi3 can be obtained by solving (4.23)

pointwise in time, i.e., by solving
(s+1—101)* (52 +arstaz)—0—03(s+1)=(s+ 1)(52 +3s+2) (4.24)

for 61, 02, 03, where P(s,1) x Q(s,t) denotes the pointwise multiplication of two PDO’s.® The solution of
(4.24) is then given as

5*1 = a; — 3
0o = ai —4day —ajas + 3as + 3 (4.25)
g*g = 4a1—|—a2—a%—5

Using (4.25) in (4.22) the output y, of the plant is expressed as
yp = (s* +3s+2)"r+ L(s, t)r (4.26)
and the mismatch operator L(s,t) is of the form

L(s,t) = —[(s*+3s+2)(s+ 1)+ X(s,)] 7' X(s,8)(s* +3s+2)7*
X(s,t) = (a1 —=3)[an + (s + 1) aa — g — dy)] (4.27)

In general, the solution (4.25) does not satisfy (4.23), unless @3 = @ = 0, V¢ > 0, i.e., the plant
parameters are time-invariant. That is, due to the time variation of the plant parameters, (4.23) can only
be solved approximately and the plant I/O operator cannot be made exactly equal to the I/O operator of
the reference model with the standard MRC structure. By using an approximate solution of (4.23) (e.g. the
pointwise one) we can guarantee stability and small tracking error provided that the plant parameters vary
slowly with time. Notice that for slowly TV plants the mismatch operator L(s,t) is stable; this can be seen
by writing a, not necessarily minimal, state-space representation of L(s,t) whose a state matrix has diagonal
blocks the state matrices corresponding to (s?+3s+2)(s+1) and (s+ 1) and at least one of the off-diagonal
blocks being O(ay, s, d1). \VAV

4.22 Example: TV MRC Design for LTV Plants. Using the TV MRC structure, shown in Fig. 4.2

the control law 1s given as:

W1 =—wi F+0iup , wo=—was+02yp; up =wi +wa+ sy, +7 (4.28)

7Also follows from Lemma 4.5 and Corollary 4.9 when the plant is LTI
8That is, s x a(t) = a(t) x s = a(t)s.
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Thus, the closed-loop plant can be written as
(s+1)7* [(5 +1—01)[s* + ais + as] — [0+ (s + 1)93]] Yp =17 (4.29)
For model-plant following we should determine 6, 0, 03 such that y, =y, , Vr, ie.,
(s+1-— 91)[52 +ais+az] — [0+ (s+ 1)b3] = (s + 1)(52 +35+2) (4.30)

Comparing (4.30) with (4.23) it is clear that in the former no PIO appears either in the left- or the right-hand

side and therefore no commutativity problem arises. From (4.30) we obtain

(1—91—|—a1—4)52+[(1—91)a1—|—d1—|—a2—93—5]5

+(1—91)a2—|—d2—92—93—2—93 =0
That 1s, for
91 = 9*1 = a1 — 3
92 = 9*2 = Cl% - 4&1 —ajaz + 3&2 + 3 — 5&1 + 2&1&1 - dl (431)
93:9*3 = 4a1—|—a2—a%—5—|—d1

equation (4.30) is satisfied and the I/O operator of the closed-loop plant is equal to that of the reference
model. We note that, in this case, the controller parameters .1, 8.2, f.3 are well defined, bounded, smooth
functions of time for any bounded, smooth functions a1, as (i.e., a1, as may be fast TV).

Further, to demonstrate the results of Theorem 4.17, let us consider again the PW MRC design of the

previous example. The control law can then be written as
Uy = 0,1 (s + 1) 7 up] + Oua(s + 1) 7 yp] + Ousy, + 7
or, operating on both sides by (s + 1)
(s + Dlup] = but [up] + Ouolyp] + (s + Dlbusyp] + (s + D]+ X

where X, = 5*1(5 + 1) u,] + 5*2(5 + 1)7'yp]. Furthermore, letting 0, = 0.; — 6.;, the PW MRC law
becomes

(s + Dfup] = Ourup + Ouayp + (s + D[uayp] + (s + D[r] + X1 + X
where Xo = élup + ézyp +(s+ 1)[§3yp] and from (4.25) and (4.31), the 6;’s depend only on the derivatives

of the plant parameters. It is now straightforward to verify that

Yp = Wen(s)[r] + La(s,t)[up] + La(s,?)[yp]
where .
Li(s,t) = Wi (s)(s + D)7 HO(s + 1)1 4+ 01}
La(s,8) = Win(s)(s + 1) {Oea(s + 1)™ + 0a} + Win(s)fs
It is now apparent that the perturbation operators Li(s,t), Lo(s,t) are strictly proper, ES and their L,(8)
gains, 8§ < 1, are Olay, as, d1]. AVAV/

4.23 Simulations: Let us now simulate the response of the plant (4.19) with the PW and TV MRC
for r = 10sint, a; = —6 and as = 2sin pt. The controller parameters are computed using (4.25) for the PW
MRC structure (4.21) and (4.31) for the TV MRC structure (4.28). When g = 0.1 the PW MRC results in
a bounded but nonzero tracking error while for the TV MRC the tracking error converges to zero (Fig. 4.4).
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parameters; ¢ = 1. a. PW MRC law: Unbounded response
due to fast parameter variations; b. TV MRC law.
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Increasing the value of p to one, however, the tracking error for the PW MRC grows unbounded with
time, as shown in Fig. 4.5.a, but the TV MRC still results in a tracking error that converges to zero, as
shown in Fig. 4.5.b.

The unbounded closed-loop response with the PW MRC is due to the larger value of g which results in
an unstable mismatch operator L(s,t), given by (4.27). We should note that for this example the solution 8,
for the TV MRC structure is the same as the pointwise solution 0, for the PW MRC structure, i.e., 0, = 0,
when a; = constant. This demonstrates that the exact model-plant matching achieved by the TV MRC

structure is a characteristic of the new structure and not only the specific choice of 6,. \VAV/

APPENDIX IV

Proof of Lemma 4.5:

Plant Pg: From (3.4) and (4.7) we obtain that the PIO’s involved in the description of the closed-loop
system are D~!(s), which is due to the internal cancellations in the control law and is ES by design and
DI (s,t), where

D.(s,t) = Nz(s,t)cal(t)Dp(s,t) — Ni(s,)kp(t)Np(s,1)

and which should be made ES by an appropriate selection of the controller parameters. Further, after some

straightforward calculations, it follows that
Yp = kp(t)N,(5,8) D7 (5,) D(s)r 2 Sy (5,1)r (4.32)

where Sy, (s,t) : 7 +— y, is the closed-loop plant I/O operator. To satisfy the model following objective we
need to find ¢o(t) and the coefficients of Ny(s,t), Na(s,t) such that D (s, t) is ES and S,,(s,t) = W (s).
Substituting in (4.32) we get

No(s,1)eg {(O) Dy (5,1) — N1 (5, k()N (5,8) = D2 (8) Dy (8)ki ey ()N, (5, 1) (4.33)

which also implies that the closed-loop PIO is ES, since Np_l(s,t) is ES. For the PDO of the right- and
left-hand side of (4.33) to have the same leading coefficient ¢g(?) should be selected as

co(t) = coult) = k() knm (4.34)

Thus, invoking Corollary 2.16, the Diophantine equation (4.33) can be solved for N;(s,t) with smooth, UB
coefficients. Furthermore, since szl(s,t)kzjl(t), D;Y(s), D7Y(s) and D(s) are all ES PIO’s (note that
ky(t) is bounded away from zero), it follows that the controller (4.7), with the so-selected parameters, also
guarantees the BIBO stability of S,,(s,1).

Plant Pr: From (3.5) and (4.7) we obtain

{Nz(s,t)cgl(t)kp_l(t)]\fp_l(s,t)Dp(s,t) — Nl(s,t)} yp = D(s)r (4.35)
Letting
co(t) = cox(t) 2 kp_l(t)km ; Na(s,t) = kn_ll]vz(s,t)]\fp(s,t)km (4.36)

where Nz(s,t) is a monic PDO of degree n — m — 1 to be determined, the PIO’s involved in the description

of the closed loop are D~1(s), kp_l(t)Np_l(s,t), due to direct cancellations and D 1(s,t) where

D.(s,t) = Na(s,8)D,(5,1) — kpm N1(5,1)
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Further, the I/O operator S,,(s,t) : r — y, is expressed as
Spy(8,1) = D7 (s, )k D(5)r (4.37)

Note that kp_l(t)Np_l(s,t) has been cancelled directly by Ns(s,t), an operation that is permitted since
Np_l(s,t) is ES and k,(¢), kp_l(t) are both UB. Next, in order to meet the control objective Nz(s,t) and
Ni(s,t) are selected so that S,,(s,t) = Wi(s), Le.,

No(s,0)Dy(3,8) = b N1(8,1) = kD, (8) Dy (8)k (4.38)

As before, the Diophantine equation (4.38) can be solved for Ny(s,t) and Nz(s,t) since both PDO’s in the
left- and right-hand side of (4.38) are monic and of the same degree (2n —m—1) and the PDO’s D, (s,t) and
1 are always right coprime. Hence, by Corollary 2.16, (4.38), (4.36) can be solved for N;(s,t) with smooth,
UB coefficients. Furthermore, S,, is BIBO stable since all the PIO’s involved in its description are ES. OO

Proof of Lemma 4.6:

The part of the lemma regarding the expressions for the sensitivity operators is actually quite straightfor-
ward and follows from linearity and the definitions of N, N1 and ¢y as the PDO’s satisfying the Diophantine
equations given in Lemma 4.5. For the rest, we must first verify that the various expressions make sense as
an LTV system description, i.e., that we can write a state space representation for the given I/O operator.

For plants in the Pg-form the operators to be realized are of the form PD;1Q where D ! is ES and
deg[D.] > deg[P] + deg[@]. From example 2.23, the state space realization of the operator D' has an
input matrix with the top deg[D.] — deg[@Q] — 1 elements being identically zero (if deg[D.] = deg[Q] then
D71Q has a throughput term and deg[P] = 0). Consequently, the output of D;1Q can be differentiated at
least deg[D.] — deg[@] > deg[P] times without requiring differentiation of its input. Hence, the output of
the operator PD-1(@Q can be obtained as a linear combination of the states of D7 1@ with weights depending
on the coefficients of P and D. as well as the derivatives of the latter. Furthermore, from the boundedness
and smoothness of the coefficients of the various PDQ’s, it 1s apparent that the overall STM is ES with the
rate of D1,

Similar arguments apply in the case of plants in the Pr-form. In this case, however, we must also realize
an operator of the form Dy 'QD;* where D7! D71 are ES and deg[@] < deg[D;] + deg[Ds]. The easiest
way to perform such a realization comes from the fact that the set of PDO’s with smooth coefficients is
an associative ring (non-commutative, though). Hence, we can apply the Euclidean algorithm to write
Q = Q1Q2 + R where deg[@1] < deg[D1], deg[@2] < deg[D2] and deg[R] < deg[@1]. Hence, we can realize
Dl_lQDZ_1 as a cascade combination of Q2D2_1 and Dl_lQl plus a cascade combination of Dz_l and Dl_lR.
Again, the overall STM is ES with rate which depends on D1_1 and Dz_l.

It is also interesting to observe that the form of the various PDO’s does not affect the result since their
parameters are smooth and UB and they can be converted to the appropriate form. That is, denoting by
Dg, D the right and left form of the same PDO, if the ODE Dgz = 0 is ES then Drz = 0 is also ES. An
alternative way of verifying this is by considering the state space descriptions of DIZLl (controllable canonical
form) and Dzl (observable canonical form). Tt follows trivially that they are both completely controllable
and observable and thus uniform realizations of the same impulse response and topologically equivalent.

Finally, the boundedness and smoothness of the coefficients of the various PDO’s together with the ES
property of the realizations of the sensitivity operators implies that the associated impulse response h(t, 1)
of the strictly proper part is UB and there exist constants k,a > 0 such that ||h(t, 7)|| < kexp[—a(t — 7)]
for all t > 7 > 0 where a depends on the PIO’s in the I/O description of the operator. Thus, L,(é) stability

follows from Corollary 2.52 with 8, = a; the same corollary also shows that for the strictly proper sensitivity
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operators, the corresponding g, s gains also exist and are finite. oo

Proof of Corollary 4.9:
From (4.11), (4.12) we have

up = coft) {D1(5) Nals, O)1p] + D5 N1 (5, )] + Oalt) + ) (439)
where
Nz(S,t) = [Ql(s);~~~aQn—1(5)]61(t)
Ni(s,t) = [Q1(5),...,Qn_1(5)]02(¢) (4.40)
D(s) = det(sI—F)and Q;(s), j € n— Lare TIPDO’s such that ¢ (sI—F)~! = D=Y(s)[Q1(s), ..., Qn-1(s)].

From (4.39) and (4.7) N;(s,t) should satisfy
No(s, 1) = [D(s) — Na(s,)]eg 1 (t) 5 Ni(s,t) = Ni(s,t) — D(s)05(t) (4.41)

Note that deg[D(s)—No(s,t)] = n—2 = deg[No(s,t)] and that deg[N,(s,t)—D(5)03(¢)] = deg[Ny(s,t)] = n—2
implies that 0.3(t) is equal to the leading coefficient of Ny(s,¢). Thus, from (4.40) and (4.41), 6;(¢) should
satisfy

[Q1(8), .., Qn_1(5)]0:(t) = Ni(s,t) , i=1,2 (4.42)
Further, by expressing the PDO’s N;(s,t) in the right form, (4.42) yields
0.i(1) = Q™ [Ain (1), Ain(t), - -, i n_1 ()] (4.43)

where () = [QI, . ’QZ—JT’ q; are vectors of the coefficients of s" =177 of Q;(s) and n;;(t) are the coefficients
of s" =1 of N;(s,t) in the right PDO form, i = 1,2, j = 1,...,n— 1, obtained from (4.41). Note that Q~*
exists due to the observability of (¢7, F') [Kai.80]. Finally, the boundedness and differentiability properties
of 0.(¢) follow by inspection, directly from (4.43) and the respective Diophantine equation (4.33) or (4.38).

oo

Proof of Theorem 4.10:

Observe first that the control law can be put in the form ¥, of Lemma 2.35 with 43 = u = u, and the
plant is uniformly realizable. It remains to show that for » = 0 and any bounded initial conditions at %y,
Yty > 0, the signals up, y, decay exponentially fast, uniformly in #;.

Initial conditions in the auxiliary filters at ¢ = ¢y can be introduced directly as a contribution of a
term ®p(t,1p)wp in the filter states where ®p(-,-) is the STM of F' (a matrix exponential if ' is TT). Tt
is straightforward to verify that the effect of all such terms can be expressed as an exponentially decaying
external input, denoted by w,, entering the closed-loop system at the reference input node (see Fig. 4.1);
consequently, their contribution to wu,,y, is characterized by the sensitivity operators S, and S,,. This
approach, however, 1s not used for initial conditions associated with the plant states since the latter is not
necessarily ES.

To account for the plant initial conditions we first note that bounded initial conditions of any uniform
realization correspond to bounded initial conditions of a canonical form. Further, since the plant is uniformly
completely controllable, for any bounded initial conditions x(tg) there exists d. > 0 and a bounded (t);

t € [tg, 1o + d.] such that [S.A.68]

/tu-l-dc ®(t, 7)B(r)a(r) dr = B(to + d,, to)x(to)
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where ||t|| < a1(de, ||#(t0)|]) and a;1(-) is a constant determined by its arguments. Let us now denote by z(?)
the system response with input w, and initial conditions z(¢) and by #,(t) the response with input u, + ,
for any u,. Since u =0, Vt >ty + d., and employing the linearity assumption, we obtain that z(t) = z.(t),
Vit >tg+d.. Also, since the plant is in a bounded realization, ||#(t) — #.(?)]| is UB.

In other words, under uniform complete controllability, the fictitious input @, emulates the effect of
arbitrary initial conditions exactly after some finite time, before which all signals are bounded. The net
result of the procedure is that the initial conditions of the plant are translated to external inputs which can
be manipulated using I/0 techniques. These external inputs are @, entering at the node of input disturbances
(dy in Fig. 4.1), and g which is due to the difference between x(t) and x.(¢) and is a bounded, finite function;®
y enters the loop at the node of output disturbances (d, in Fig. 4.1).

From Lemma 4.6, it follows that the plant input and output satisfy

up = Spuft] + Syult] + Srulwe] (4.44)
S

Yp = Syyld] + Wn[we] + Suy[u] (4.45)

where the various sensitivity operators are given in Lemma 4.6 for either Pr or Pr plants. We observe now
that w, is exponentially decaying with the rate of D~!(s) and therefore w, € Lo (8) where § € [0, 6.) and 8. is
a positive constant as in Lemma 4.6. Moreover, since , § are UB functions of bounded support, @, § € L., (8).
Using Lemma 4.6, the various sensitivity operators are Lo, (8) stable and therefore, u,, yp € Loo(8) and there

exist constants k,a > 0, ¢ < 8, and k depending on d, and z(¢y), wy, such that

1l (2), p ]| < & exp[—a(t —to)]

for any initial time ¢y > 0. Thus, invoking Lemma 2.35 the proof follows. Notice that since ES implies BIBS
stability, the closed-loop system is internally stable for any external UB input and any initial conditions,
uniformly in ¢y. Moreover, this property is shared by any other uniform realization of the plant /O operator.

0oa

Proof of Theorem 4.17:
The proof of the theorem relies on the use of swapping techniques to express the PW MRC the control

input as
up = co()N5 (s, 1) Ni(s,1)[y] (4.46)
—|—co(t)N2_1(5, )D(s) |r + ﬁl(s,t)[up] + ﬁz(s, t)[p)

where N;(s,t) are the PDO’s corresponding to the TV MRC and ﬁi(s,t) are proper, stable perturbation
operators whose gains are O(u). Of course, for the TV MRC design to make sense, p should be in [0, p0)
(see Corollary 4.15). To demonstrate the application of these techniques we derive (4.46) in two ways: one

using an I/O approach and property P4 of PDO’s and one using a state-space approach and Lemma 2.59.

e (1/O approach:) Let M;(s,t) denote the controller PDO’s and @5(t) the pure gain feedback, corre-
sponding to the standard PW MRC, which are obtained from a pointwise design. Using Property P4
of the PDO’s from Chapter 2, the plant input can be written as

u, = co(t)r—l—D_l(s)D(s)Mz(s,t)D_l(s)[up]
+D 71 (s)D(s) M1 (s, ) D™ (s)[yp] + Oa(t)yp

9That is, it is a function of finite (compact) support, vanishing outside a finite interval.
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and, consequently,

D(s)eg (O[up] = g () Ma(s, t)[up] + 5" (1) M (5,0)[yp]
+D(s)cg ' ()0s()[yp] + D(s)[r] (4.47)
+X5(5, 1) D7 (5)[up] + X1 (s,) D7 (5)w ]

where ¢o(t) = km /kp(t) and
Xifs.1) = D) (OI(s,1) — g (O (5,0)D(s) 5 i = 1,2

Thus, using the properties of PDO’s, deg[X;(s,?)] < 2n — 4 and the coefficients of X;(s,?), say Ox (1),
are of order of the derivatives of c; ' (t) and ©47(1), the coefficients of M;(s,t). Further, in a PW design
03(t) and ©p(t) are obtained from the solution of a PW Diophantine equation which, in turn, can be
expressed as So(t)On(t) = ag(t) where Sy(t) is the PW Sylvester matrix of Dy (s,t) and k,(t)N,(s, 1),
and Sy(t), ag(t) depend only on the plant parameters ©,(¢) and not on their derivatives.’® Since, under
Assumption 4.13, Sy(¢) is strongly nonsingular for all ¢, the PW controller parameters are smooth, UB

functions of time and therefore,

1©x (@) < O(p) - (4.48)
Further, (4.47) can be rewritten as
D(s)cal(t)up = Na(s,t)u, + N1(s,)y, + D(5)0.3()y, + D(s)r
+Xa(s, ) D7 (s)u, + X1(s,8) D71 (s)y,
+Yo(s, t)up + Y1(s, 1)y, (4.49)

where N;(s,t),0.5(t) correspond to the TV MRC design and
Ya(s,t) = c5 L (t)Ma(s,t) — No(s, 1)

Yi(s.t) = {7 (DM (s,8) = Ni(s,)} + {D(s)leg (0)0(0) — 0.5(1)]}
Y11(s,1) Yia(s,1)
After a straightforward comparison of the Diophantine equations for the TV and PW MRC, it follows
that deg[Ya(s, )] < n —2, deg[V11(s,t)] < n— 2, deg[Y12(s,8)] <n —1 and

1y (B[] < O(n) (4.50)

from which we obtain (4.46) with the input perturbation operators being at least proper, ES with rate
depending on D(s) and given by

Li(s,t) = D™ (s)Xo(s,8)D™ (s) + D1 (s)Ya(s,1)
Lo(s,t) = D™H(s)X1(s,8)D™ (s) + DY (s)Y1(s,1)

e (State-Space approach:) Let co(t) and 0;(t), i = 1,2,3, denote the controller parameters of the PW
MRC. Then, the control input is given by

up = G(3)[up)01 () + G(s)[ypl2(t) + 05(t)yp + co(t)r
where ((s) denotes the operator

G(s): urq' (sT—FT)™[u]

10Note that in a pointwise approach there is no distinction between the Pr and P;, forms.
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and F' is the state matrix and ¢ 1s the input vector of the state-space representation of the auxiliary
filters. Letting G’(s) denote the operator

G'(s): uwrs (sl — FT)_l[u]

and using Lemma 2.59 the term v; = G(s)[u,)61(¢) can be written as
01 = oG g ] + eo(G5) [t 18y )

It now follows from the PW MRC assumptions that ||%[§1/co]||m = O(p) (similarly for 05 and Yp).

Further, let 6;(¢) denote the controller parameters of the TV MRC realized with a state matrix F'T
and output vector ¢, i.e., the control law for the TV MRC would be given by

u; = ¢o(t) {G(s)[u;ﬁl] + G(s)[y;ﬁz] + 93(15)3/1/) + r}
Next, define 0, = 6; — 0;/co. From the respective Diophantine equations for the PW and TV MRC and

Assumption 4.12 it follows that ||67Z||Oo = O(p).
Thus, the PW MRC control input can be expressed as

up = co(){G()[upb1] + G(s)[yp02] + O3()yp + 7}
+La(s,O)[up] + La(s,)[y]

from which (4.46) follows with the input perturbation operators ﬁi(s,t) being at least proper, ES with
rate depending on F' and given by

Lisil] = 0G0 |GG ad] - oG]
d

Lolw] = eo(t)G(s) [G'<s>[yp]<[ez/co]>]
—co(t)G(s)[yp2] — co(t)03()yp (4.51)

In other words, the closed loop of the LTV plant with the PW MRC can be effectively described as the
TV MRC loop perturbed by two dynamic operators Ly and ﬁz, with respective inputs u, and y, and outputs
entering the closed-loop system at the node of the reference input (see Fig. 4.1). Furthermore, it is quite
straightforward to verify using the results of Chapter 2 that, for any fixed é € [0,6.) (6. as in the Theorem)
and p € [1,00], 7 5[Li(s,1)] and g, 5[L1(s,1)] are O(p).

Thus, the PW MRC loop without any external inputs is described by

[ p ] - [ gy ]v : v = [La(s,0), Lo(s, )] [ p ]

Yp Yp
and since S,, = W, (s) we have that
Yp = Win(s)[r] + L1(s, 1) [up] + La(s, 1)[y,]

where L;(s,t) = Wm(s)ﬁi(s,t) with the properties stated in the Theorem.!'!

1 Notice that these expressions are slightly different than the ones obtained in [T.I.87] in that the perturbation operators
L;(s,t) do not depend on the zero-dynamics of the plant; this result is of value in the adaptive control case and its derivation
relies heavily on the existence and properties of the TV MRC solution given by Lemma 4.5.
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Further, for any é € [0,64) and p € [1,x] a sufficient condition for the closed-loop L,(é)-stability is
[D.V.75]

Sru T T
Tp,6 |: S :| PVP,é[Ll(S’t)’L?(S’t)] <1 (4'52)
ry

Since v, 5[Li(s,t)] < O(p) it follows that there exists i1 > 0 (1 < po), depending on the particular choice
of p and &, such that for any p € [0, i1) the above inequality is satisfied. Moreover, from Lemma 2.51, if the
closed-loop plant (without initial conditions) is L,(é) stable, it is also Lp(g) stable for any 6 < 8.

To complete the proof we need to show that there exists gy > 0 such that Vpu € [0, 1) the closed-loop
system is ES. Let § € (0,4.) and choose, for simplicity, p; such that (4.52) is satisfied for p = oo and all
p € [0,p41). Since the closed loop with the TV MRC is ES, in the presence of arbitrary but bounded initial

conditions the truncations of u,,y, at ¢ satisfy

35l = 50 1, s s+ 5 sup [0
0STS

where 3 depends on the size of the initial conditions at ¢y (up and y, are taken as 0 for t < #g), —a < =4,
is the exponential rate of decay of the closed loop with the TV MRC and

s=| 5] p=tmen e

Hence, for any p € [0, p11),

Beétg

— <00, V>t >0
1- 700,6(ST)700,6(L)

e ITup (1), yp (DI < Mt wplelloo,s <

Thus, ||[up(t), yp(H)]]] < ke (=1%o for some constant k independent of ¢5. The proof now follows from Lemma
2.35 and the observations that the PW MRC satisfies the general controller structure requirements of that
lemma and under the given assumptions the plant is uniformly completely observable for pu < py.

It should be pointed out that in an attempt to reduce the conservatism of the result, we should find the
supremum of y; with respect to 6 and the selection of the —possibly weighted— L, (8)-norm. For the former,
it 1s easily obtained that the supremum occurs as 6 — 0 which, of course, implies that increased speeds of
parameter variations tend to decrease the exponential stability margin. For the latter, although the selection
of p is not straightforward due to the lack of explicit formulas for the L, (é)-gains of TV operators, the result
of the theorem is still valid with some modifications in the proof. That is, for sufficiently small y such that
(4.52) holds, the closed-loop system is L,(§)-stable. Furthermore, for ¢ > ¢,, the derivatives of u,,y, can be

expressed as

ity = 8 { L1(s, Dlug] + La(s. Dl + ¢

yp = SSry {ﬁl(sat)[up] + ﬁz(s,t)[yp]} +e

with ¢ denoting exponentially decaying terms due to the initial conditions. Since sSmﬁz(s,t) is the only

possibly non-proper term, we substitute the expression for y, in u, to obtain
iy = 5 { L (5 1) + Lo(5,1)Sy L (5, )lug] - L(s, 105y L, 0]} + ¢
Thus, with the notation being obvious from the previous relationships,
|:1.lp:|:SL|:uP:|+E
Yp Yp

where, now, S is a proper, L,(6)-stable operator. Hence, since ||[up,yplt||p,s is UB, we obtain that

[I[@p, Upltl|p,s is UB and the proof follows as an application of Lemma 2.55. oo
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Proof of Corollary 4.19:

The first part of the theorem is a direct consequence of Lemma 2.42 and the ES property of the frozen
closed-loop system with a PW-designed MRC.

To obtain the expression for the plant output, consider a smooth approximation of the plant parameters
so that a sufficient number of derivatives are available for the purposes of the TV MRC design. The plant
is thus brought in the form of (4.16) with the parameters of the perturbation part being O[u/a]-small in
the uniform norm and a being arbitrary as in Lemma 2.64. From the same lemma, the ¢th derivative of a
parameter approximate is O[p(2a)~1]; hence, by Assumptions 4.13 and 4.14 we obtain that for sufficiently
small p, we can select a so that the MRC assumptions are satisfied while n; = 1 in Assumption 3.6 due to
the continuity of the plant parameters. At this point and for simplicity we take py such that the closed loop
is ES (from the first part of the proof) and MRC assumptions hold. Hence, we can apply Theorem 4.18 from
which the output of the closed-loop plant with the TV MRC designed for the approximate smooth nominal

plant is given by (4.18). Thus, for the TV MRC, there are two output perturbation operators of the form

4 J(0) = [eo(t) + (0] / Bo(t, 7)Au(r)2o(r) dr

L5[r)(t) = [ee(t) + ce(t)] /t (1, T)EC(T)T(T) dr + 5c(t)/t S (t, 7)bo(T)r(7T)dr

which satisfy the properties stated in the corollary. Finally, similar expressions are valid for a PW-designed
MRC where the difference between the controller parameters of the TV MRC and its PW counterpart should
also be taken into account. As in Theorem 4.17 this difference is O[y], for a fixed smooth approximation,
and therefore, it can be absorbed in the perturbation part of the closed-loop system leaving the rest of the

proof qualitatively unaffected. oo



