Chapter 5

TV ‘Pole-Placement’ Control

5.1 Introduction

One of the main drawbacks of MRC, studied in the previous chapter, is the requirement that the zero
dynamics of the plant are ES. Since this requirement may be quite restrictive in applications, it is desirable
to develop alternative control strategies —based on a different control objective— which do not suffer the
same limitations. In the LTT case, such a strategy is the Pole-Placement Control (PPC) whose objective is
to place the poles of the closed-loop system at prescribed locations usually determined by the stability and
regulation performance specifications. On the other hand, PPC is rather limited to LTI plants due to the
absence of the ‘pole’ notion in the TV case. We therefore extend the definition of the (TT) PPC objective
as to design a controller such that the PIO’s of the closed-loop I/O operator is equal to some prescribed, TV
or T1, PIO’s. We refer to this extended objective as the TV PPC objective. For lack of a better name, we
refer to a controller that meets the TV PPC objective for an LTV plant, as a TV PPC. When the plant is
LTI, the TV PPC objective obviously reduces to the classical PPC objective and is met by a standard PPC
scheme. It goes without saying that TI PPC’s are a subclass of TV PPC’s.

Existing PPC structures for LTV plants (e.g., [M.G.88, Kre.86, G.S.84]), have been derived by pointwise
(PW) calculations, based on the ‘frozen’ plant approach, i.e., under the assumption that the plant is LTT at
each time instant. Such controllers, termed as PW PPC, may yield acceptable closed-loop performance, if
restricted to the case of slowly TV plants. Of course, a TV PPC is not the same as a PW PPC, the latter
being unable to satisfy the control objective or even guarantee stability in the general LTV case.

In this chapter we present the design and analysis of TV PPC schemes for LTV plants. We begin with
Sections 5.2, 5.3 where we design and realize in state-space a TV PPC for LTV plants with smooth parameters
and establish the closed-loop stability properties. In Section 5.4 we discuss the issue of incorporating some
tracking performance features in a TV PPC through the use of internal models. In Section 5.5 we consider
the case of non-smooth parameters and generalize the results of Sections 5.2 and 5.3. The special case of
slowly TV plants and PW designs is analyzed in Section 5.6. Finally, we present some simple examples and

simulations illustrating the design and properties of TV PPC’s in Section 5.7.

5.2 TV PPC Design

Consider a SISO LTV plant described by the state-space equations

At)zp + b(t)up
b o= T, (5.1)

Lp
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and satisfying Assumptions 3.1-3.3.
As it was pointed out in Chapter 3, Assumptions 3.1-3.2 imply that the I/O operator of the plant (5.1)
admits PDO factorizations in the right form (Pg), i.e.,

Up = Np(s, ) D7 (5,1) ] (5.2)

or the left form (Pr), i.e.,
= D7 (5, OOV, (s, )] (53)

where D,(s,t) is a monic PDO with UB coefficients and of constant degree, denoted by n and N(s,t) is
a PDO of degree < n — 1 with UB coefficients. Furthermore, in (5.2) D,(s,t), N,(s,t) are strongly right
coprime while in (5.3) Dy (s,t), Np(s,t) are strongly left coprime PDO’s in [tg, 00).

The TV PPC objective is defined as follows:

Determine a control input u, such that the closed-loop plant is internally stable and the closed-loop PIO*
is equal to a prescribed ES PIO A7'(s,t) where A.(s,t) is a monic PDO of degree 2n — 1 with smooth, UB
coeflicients.

In this section we develop and analyze the I/O properties of controllers that meet the TV PPC objective.
We start with the following lemma which establishes the existence of a TV PPC and provides the design

equations for its construction in an I/O operator form.

5.1 Lemma: Suppose that for the LTV plant (5.1) Assumptions 3.1-3.3 are satisfied. Then, there exist
two (n — 1)-degree PDO’s Ni(s,1), Na(s,t) with smooth, UB coefficients and N2(s,t) monic such that the
closed-loop PIO of

a. the Pg plant (5.2) with the controller

4y = N5 (5, ) V1 (5, 1)1 (5.4
where Ny(s,t), No(s,t) satisfy the Diophantine equation
No(s,t)Dy(s,t) + Ni(s,t)Np(s,t) = Ac(s,t)

or,

b. the Pp plant (5.3) with the controller
up = —Ni(s, )Ny (5,1)[y,) (5.5)
where Ni(s,t), Na(s,t) satisfy the Diophantine equation
D, (s,t)Na(s,t) + Np(s,6)N1(s,1) = As(s,1)
is equal to the desired PIO A;'(s,t). \VAV

Proof: Straightforward from the expressions for the I/O operators of the plant and the controller and
Corollary 2.16. oo

The design of the controller 1/O operator as given in the above lemma, with A7!(s, ) being ES, also
ensures the BIBO stability of the closed-loop system with respect to external inputs. To make this statement
more precise, consider the realization of the TV PPC according to Examples 2.38 and 2.39. That 1is, the
control input from the TV PPC is obtained as

Up = _C(S’t)H(Sat)[yp] (56)

IModulo, of course, ES PIO’s which are due to internal cancellations in the controller.
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Figure 5.1: The TV PPC closed-loop system.

where, for the Pr plant and the control law (5.4)

C(s,t) = Ny '(s,0)D(s) ; H(s,t) = D™Y(s)Ny(s,1)
and for the Pr plant and the control law (5.5)

C(s,t) = Ni(s,)D7(s) ; H(s,t) = D(s)N5'(s,1)

and D~1(s) is an ES P1O? of order n — 1. This closed-loop configuration is depicted in Fig. 5.1 where the
various external signals may represent command inputs (r or v), input disturbances (d,, ), output disturbances
(dy), measurement noise () or even effects of initial conditions. The total closed-loop response to the various
external inputs 1s simply obtained using superposition, with each input filtered by the appropriate sensitivity
operator.

With reference to Fig. 5.1, the following lemma describes the BIBO and L, (§) stability properties of the

closed-loop plant with the TV PPC and provides expressions of the various sensitivity operators.

5.2 Lemma: The I/O description of the closed-loop plant with the TV PPC (5.6), shown in Fig. 5.1, is
given by

t Sre Svu Suu Syu || o
Yp | = | Sry Suy Suy  Syy d (5.7)
U Sr1 Svi Sui Syl du
y
where, omitting the PDO/PIO arguments for simplicity,
Syu = —S5py ) Sry =1 Syy ) Syl = —rl
and
1: for the plant (5.2) in the Pgr-form
Spu = DpA7IN, i Seu=DyAI'D 5 Syu=1-D,A7IN,
Syy = 1= Ny ANy 5 Syy = NyATID 5 Sy = NyATIN, 5.9
Sp1 =D 'NaD,AZ'Ny ; Sy1 = =D 'N\N,A7'D '
; Sul = —D_lNleA*_lNz
2: for the plant (5.3) in the Pr-form
Spu = NlAngp ; Sy = NlA*_leNzD_l ; Suu = —NlA*_le
Syy = NzA:le ; S’Uy = NzA:leNlD_l ; Suy = NzA:le (59)
Sp1 = DA:le ; Sy1 = —DA:leNlD_l ; Sul = —DA:le

2D(s) may be TV with smooth UB coefficients.
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Furthermore, there exists §, > 0 which in general depends on A.(s,t) and D(s) such that for any
6 €[0,6,), and any initial time 1y, the various sensitivity operators are L,(6)-stable, p € [1,00], uniformly
in ty; also, for the strictly proper sensitivity operators, the corresponding g, s gains exist and are finite,

uniformly in 1g. \VAV/
Proof: Straightforward, following similar arguments as in Lemma 4.6. oo

At this point, it should be noted that under Assumptions 3.1-3.3, a plant in the Pr-form can be expressed
in the Pg-form and vice-versa. A controller, designed for Pg-plants, has the advantage that it can be
implemented so that only fixed PDO’s, together with N,(s,t), appear in the closed-loop I/O operator v +— yp.
Such a property is important when the closed-loop response to command signals is considered. Consequently,
it is desirable —and feasible— to design the TV PPC for plants in the Pp-form by first converting the plant
in the Pg-form and then perform the TV PPC design for the Pgr-plant. The apparent drawback of this
procedure is an increase in the computational load which may be crucial when the controller calculations
are performed on-line. This issue is further discussed in Chapter 8, where an indirect adaptive controller is
designed by estimating the plant parameters (necessarily in the Pr form) and calculating the corresponding
TV PPC parameters.

Further, overparametrized TV PPC designs can be obtained, as in the TV MRC case, with a higher
order controller I/O operator y, — u, (see Examples 4.7 and 4.8). Such a TV PPC may have strictly
proper I/O operator and/or possess additional degrees of freedom to allow some partial shaping of the
closed-loop sensitivity operators. For example, suppose —]\71]\72_1 is a TV PPC for a Py, plant Dp_le, and
let V, W, Dy, Ny denote PDQO’s with UB coefficients such that

o deg[V] > deg[W];
e V is a monic PDO and V1 is ES;
e Dy is monic and D, Ny + N, Dg =0 in Ry

Then the controller —Nny_l with Ny = NV + DogW and N, = NoV 4+ NoW is also a TV PPC. Taking into
account the slight modifications in the degrees of the various PDO’s and replacing N5, N1, D, A, in Lemma
5.2 by Nz, Ny, DV, A,V respectively, the same results are applicable in this case as well. However, notice
that the improvement of the properties of the closed loop sensitivity operators via an IMP design may not
be as simple as in the TV MRC case, due to the lack of the ES property of Np_1 and, particularly for Pr

plants, the different controller factorization.
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Figure 5.2: The TV PPC structure for LTV plants.

5.3 Realization of the TV PPC and Internal Stability
of the Closed-Loop Plant

In order to establish the exponential and, therefore, internal stability of the closed-loop system, we consider
a state-space realization of the TV PPC law of Lemma 5.1 according to the guidelines of Examples 2.39 and

2.38. In the case of plants in the Pr-form, the control law is generated by using an auxiliary filter as follows

(.LJl = F(.dl + quy
w = py (i +(r—yp)
up = pi (wr + ps(t)u (5.10)

where r is the reference (command) signal, u; € R is an internal signal, F' is a constant Hurwitz matrix
of dimension (n — 1) x (n — 1) and (F, ¢q) is a completely controllable pair. The vectors pi(t), p2(t) and
the scalar p3(?) are the controller parameters which are to be selected such that the controller has the 1/0
operator y, — u, specified in Lemma 5.1. The block diagram of the corresponding closed-loop system is

shown in Fig. 5.2.

Alternatively, in an I/O operator-notation, the control law (5.10) is expressed as

up = {pi (1)G(s) + ps(t) }ui] (5.11)
ui = py (OG(s)[w]+ (r—yp)
G(s) = (sI—-F) g

The existence of parameters p;(t) such that (5.10) or (5.11) represent a TV PPC for a Pp-plant is

established in the following corollary.

5.3 Corollary: Let Ni(s,t), Na(s,t) be (n — 1)-degree PDO’s with smooth, UB coefficients and with
Ny(s,t) monic. Then, there exist smooth, UB parameters p;(t) such that the I/O operator y, + u, of (5.11)
is equal to —Ni(s,t)N5 *(s,1). \VAV

Proof: Immediate from Example 2.38. Notice that the parameters p;(¢) depend on the coefficients of
the left form of the PDO’s N;(s,t). These PDO’s are initially obtained in the right form as the solution of
the corresponding left Diophantine equation (see Lemma 5.1). Consequently, the calculation of the controller
parameters p;(?) involves an additional intermediate step converting right-form PDO’s into left-form ones.

0oa
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5.4 Remark: The TV PPC realization for plants in the Pg-form follows similarly by using the results
of Example 2.39 to realize the /O operators N '(s,t)D(s) and D™1(s)Ny(s,t) as in the TV MRC case and

is summarized below.?

Wi = Fwi 40

Wy = Fuws+ by

ws = Oy,

up = g w+v (5.12)

where w = [w] ,wy ,ws]" is a (2n — 1)-dimensional vector, F' € R(?=DX(=1) j5 a stable matrix with det(sI —

FYy=D(s)and ¢ =[¢",q",1]T is a constant vector such that (¢, F) is an observable pair.
Then, there exists a control parameter vector [0],, 04, 03.] such that the I/O operator y, — u, of (5.12)
is equal to that of the TV PPC (5.6) as given by Lemma 5.1 for a Pg-plant. (see Corollary 4.9 for details).

\VAY

Having specified the state-space realization of the controller, it is now possible to describe the exponential
and BIBS stability properties of the closed-loop plant, as well as the effects of arbitrary initial conditions,
for the TV PPC designed in Lemma 5.1 and realized according to Corollary 5.3 or Remark 5.4.

5.5 Theorem: The closed-loop plant (5.1) with the TV PPC is ES and, therefore, BIBS stable for any
external UB input. Furthermore, for arbitrary initial conditions set at ty, the ZIR of the closed-loop plant
decays as cexp[—a(t — tg)] where ¢, a are positive constants independent of ty; ¢ depends on the size of the

initial conditions and a depends on the rate of exponential stability of A7'(s,t) and D71(s). \VAV

Proof: The proof is a direct consequence of Lemmas 2.35 and 5.2 and is obtained along the same lines
as Theorem 4.10. Notice that for Pr plants, the main difference i1s that the initial conditions of the filters
enter as exponentially decaying disturbances at the ‘v’ and ‘d,’ nodes of Fig. 5.1, while for Pg plants they
enter at the ‘v’ node —same as in the TV MRC case. oo

5.6 Remark: Throughout the development of the TV PPC we have considered a general TV form
of the desired PIO A;!(s,t) which allows many of the subsequent results to be established in a compact
and unified way. In most practical applications, a TT A.(s) would be sufficient to meet the performance
specifications and considerably easier to select and realize. In particular cases, however, it may be possible
to exploit the additional flexibility, offered by a TV A.(s,t), to compensate —at least in part— for time

variations in the closed-loop PDO’s and improve the closed-loop performance. \VAV/

5.4 Command Tracking with the TV PPC

Although the design of a TV (or PW) PPC scheme is a very general one, including the MRC design as a
special case,? it does not guarantee any particular tracking performance capabilities for the associated closed-
loop system. The reason is that the PPC objective deals mainly with the properties of the closed-loop PIO
and state transition matrix, while it is assumed that any tracking performance requirements have already
been incorporated in the selection of the desired closed-loop PIO. In the previous chapter we discussed the
case where the performance objective was defined in terms of a reference model. This objective, however,

required the zero dynamics of the plant to be exponentially stable. It is therefore apparent that, in order to

3In this case, it is more convenient to consider v as the command input.
4The TV MRC can be obtained from a TV PPC with A.(s,t) containing Np(s,t) as a factor and some minor modifications
to adjust the high-frequency gain.
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Figure 5.3: TV internal model principle/pole placement controller design.

avold imposing any such himitations in a PPC design, it is desirable to consider weaker objectives than the
MRC when tracking performance requirements should be incorporated in the PPC.

A frequently studied tracking performance objective is to achieve exact tracking for a class of reference
inputs whose internal model is specified a priori. In the LTT case the design of a PPC satisfying this objective
is a rather straightforward procedure, involving the so-called internal model principle (IMP) [Bng.77]. Briefly
described, the essence of this procedure is to introduce certain zeros, corresponding to the internal model,
in the sensitivity transfer function from the reference input to the tracking error. The same procedure
can be extended to the LTV case, where the condition for the TV IMP/PPC design is a skew coprimeness
of the internal model and the plant PDO. This condition is essentially similar to that of [Bng.77] in the
multivariable LTI case and reduces to the well known coprimeness condition of the internal model and the
plant numerator polynomials in the SISO LTI case. In the general LTV case, however, the skew coprimeness
cannot be expressed in terms of algebraic equations, as the right or left coprimeness do, which complicates
the design of a TV IMP/PPC.

Let us begin our discussion of the TV IMP/PPC design by considering the LTV plant (5.1) and its 1/0
operator in the Pr form (5.3). The TV IMP/PPC objective is defined as follows.

Determine the control input u, so as to meet the TV PPC objective and force the output y, to track

reference signals r satisfying the differential equation
A(s)[r] =0

where A(s) is an a priori specified TI PDO.

In order to achieve exact tracking, the control input u, is generated as the difference of the output of

two compensators as shown Fig. 5.3 i.e.,
up = Ny, N5 (5,0 — 9] — P5,0@ (5)[1p) (5.13)

which is realized in state space using ES filters as in the TV PPC case of the previous section.

The first compensator has an input r — y, and is designed to stabilize the closed loop, while the second
has an input y, and is designed to introduce the internal model of r in the forward path. The properties

and assumptions of such a design are summarized in the following corollary.
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5.7 Corollary:

a. Consider the LTV plant (5.1) and let Ng(s,t), Dr(s,t) denote the PDO’s of the corresponding Pgr
form of the plant.®> Also let Q~1(s) be an exponentially stable TI PIO of order deg[A(s)] — 1 and such that
Q(s) and Ng(s,t) are strongly left coprime in Ry and P(s,t) be a PDO of degree deg[A(s)] — 1 with smooth
UB coefficients. Further, select Na(s,t), Ni(s,t) to satisfy the design equations

[Dp(5,0)Q(s) + Np(s,t)P(s,t)]Nz(s,t) + Np(s,t)N1(s,t) = A(s,1) (5.14)

Ny(s,t) = Q(S)Nz(s,t)
where AZ'(s,t) is an ES PIO of order 2n — 2 + deg[A(s)]. Then, the control law (5.13), realized in state
space according to Examples 2.39 and 2.38, guarantees the exponential stability of the closed-loop plant.
The rate of exponential decay of the closed-loop state transition matrix depends on A*(s,t), Q(s) and the
auxiliary filter used in the realization of Ny(s,1)Ny (s,1).
b. Suppose that in (a.) the PDO P(s,t) also satisfies

5.8 Assumption:
X(s,1)A(s) — Np(s,1)P(s,1) = Dy(5,1)Q(5) (5.15)

for some PDO X (s,t) with smooth, UB coefficients and degree n — 1. [ |

Then, in addition to the result in (a), the tracking error e = r — y, converges to zero exponentially fast.

Such a controller is referred to as TV IMP/PPC. vV

Proof: 1In Appendix V.

From the above corollary it is apparent that the main limitation in the design of a TV IMP/PPC lies in
the selection of the PDO P(s,t) as to satisfy Assumption 5.8 which is a dynamical equation with respect
to the coefficients of the unknown PDO’s P(s,t), X(s,?). Since for implementation purposes the controller
parameters are required to be UB, we also need to assume the existence of bounded solutions of (5.15).
Notice, however, that the exponential stability of the closed-loop plant is guaranteed even if P(s,t) does not
satisfy Assumption 5.8, provided of course that it has smooth and UB coefficients.

A general but quite restrictive sufficient condition for (5.15) to have a solution with UB coefficients, for
any D,(s,t), Q(s), is that for any UB smooth function f(t), there exist PDO’s Yi(s,t), Ya(s,t) with UB
coefficients such that

Yi(s,6)A(s) + Np(s,1)Yo(s,t) = f(1) (5.16)
which can be interpreted as skew coprimeness of the PDO’s A(s), Np(s,t). At this point, it is interesting to
notice that considerably weaker conditions can be developed in several special cases of interest, as discussed
in the following example.

5.9 Example: Consider the case where A(s) = s (similar arguments hold for any A(s) = s*). Then,
P(s,t) = p(t) and by expressing the PDO’s in (5.15) in the left form, it follows that a UB solution for p and
the coefficients of X (s,¢) exists, provided that the ODE

Ny (s.0)[p] = a(t) (5.17)

has a UB solution, where «(t) is the coefficient of s of the PDO D, (s,1)Q(s) expressed in the left form.
This is trivially true if &« = 0 (in other words, s is a right factor of D,(s,t)) or if Np_l(s,t) is an ES
PIO. These conditions can be further relaxed in the case of periodic systems. For example, if «(t) is a
periodic function with period T, then a UB solution of (5.17) can be found, by an appropriate selection of
the initial conditions of p(%o), p(t), ... provided that the state transition matrix ®x(-,-) of (5.17) satisfies

SThat is, yp = ]\Hg(s,t)Dl_%1 (s,8)[up)l.
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5.5 Non-Smooth Parameter Variations

In this section we extend the previous design procedures and results to the more general case where the LTV

plant 1s described by

& = A+ bo(t)up + A(t)z + b(t)u,
Yy = ci(Wr+é () (5.18)

whose nominal and perturbation part satisfy Assumptions 3.4-3.6.

Due to the discontinuities in the plant parameters, a PDO/PIO factorization may not be available for the
LTV plant (5.18) and therefore the TV PPC or TV IMP/PPC design procedures (Lemma 5.1 or Corollary
5.7) are not directly applicable in this case. Under Assumption 3.5, however, the nominal part of the
plant possesses a PDO/PIO factorization inside every interval (¢;,¢;11) satisfying Assumptions 3.1-3.3 in
a piecewise sense. It is therefore possible to design a TV PPC or TV IMP/PPC® for the nominal plant
[4,,b,,¢,] inside each interval (¢;,¢;41). Thus, the control input is determined from (5.4) or (5.5) or their
state-space counterparts (5.12) or (5.10) in a piecewise sense while the parameter discontinuities and the
perturbation part of the plant are effectively treated as modeling errors. According to Theorem 5.5, this
control input guarantees that the nominal closed-loop is piecewise ES and therefore, invoking Corollary 3.8,
ES for a sufficiently small modeling error. We make this idea precise in the following theorem and corollary

where we establish the stability and performance properties of such TV PPC designs for the plant (5.18).

5.10 Theorem: Consider the LTV plant (5.18) whose nominal and perturbation parts satisfy Assumptions
3.4-3.6 with the TV PPC determined from (5.4) or (5.5) in a piecewise sense. Then, there exist vy > 0,
pg > 0 such that Vv € [0, 1), V' € [0, i), the closed-loop system with the TV PPC (or TV IMP/PPC) is
ES with rate depending on A;1(s,t) and the values of v and p'. \VAV

Proof: Asin Theorem 4.18.

Notice that, in contrast to the MRC case, the exponential rate of decay of the closed-loop state transition
matrix depends now on A.(s,t) and the values of v and p’. Since A.(s,t) is selected by the designer, the
rate of exponential stability of the closed loop can be determined a priori, for sufficiently small v and p'.

Finally, for the TV IMP/PPC we can give a characterization of the tracking performance deterioration,
due to the parameter discontinuities and the perturbation part of the plant, as stated by the following

corollary.

5.11 Corollary: Under the conditions of Theorem 5.10, suppose that Assumption 5.8 holds inside every
interval (¢;,t;41), uniformly in j and the TV IMP/PPC (5.13) is used to generate the control input. Then,

in addition to the results of Theorem 5.10, there exist positive constants K, K’ C such that

to+T
)y —r(t 2dt<C'—|—K1/T—|—K/ T
|yp() ()| = H
to

for all to,T > 0. vV

Proof: Asin Theorem 4.18.

5.6 Slowly TV Plants

In the special case where the plant parameters vary slowly with time, the calculation of the controller

parameters is considerably simplified by adopting a pointwise approach in the design of a PPC (PW PPC).

80f course, for the TV IMP/PPC, Assumption 5.8 should also be satisfied in a piecewise sense.



5.6. SLOWLY TV PLANTS 98

This simplification is obtained at the expense of some deterioration in the closed-loop performance defined
by the TV PPC objective.
In order to make this idea precise, let us consider the plant (5.1) satisfying Assumptions 3.1, 3.3 and,

denoting the plant parameters by the vector ©,,

5.12 Assumption: ||%®p(t)|| <p, VteRy, i=1,2,... for some ‘small’ parameter p > 0. |

5.13 Assumption: The PW (frozen) controllability and observability matrices of the triple [A(t), b(t), ¢(?)]

are strongly nonsingular. [ |

Under Assumption 5.12, the properties of the LTV plant can be approximated by the properties of the
corresponding sequence of frozen LTI plants. For example, for sufficiently small ¢, Assumption 3.2 is implied
by the easier to check Assumption 5.13. In addition, the validity of Assumption 5.13 may also be checked
by examining the strong PW coprimeness of the polynomials in the frozen I/O representation of the plant,
1.e., the numerator and denominator of the PW plant transfer function.

Therefore, for sufficiently small y, Assumptions 3.1, 3.3, 5.12, 5.13, imply that the LTV plant (5.1) admits
an I/0O representation of the form (5.2) or (5.3), i.e.,

Yp = NP(S’t)Dp_l(S’t)[up]

or

Yp = Dzjl(s,t)Np(s,t)[up]
where the coefficients of the PDO’s D, (s,t), N,(s,t) are slowly TV.” Furthermore, for sufficiently small g,
the PDO’s D, (s,t), N,(s,t) are strongly pointwise coprime and strongly left or right coprime. Consequently,
considering the Pr-form of the plant, we may design a PW PPC by taking the controller 1/O operator
Yp > Up to be —Ni(s,t)N5 1 (5,1), ie.,

4y = —Nu(s, N5 (5, 1)) (5.19)
with Ny(s,t), Na(s,t) such that
Dy(s,t) x No(s,t) + Np(s,t) x N1(s,t) = Ai(s)

where ‘4" denotes pointwise multiplication and A7 1(s) is the desired, ES PIO® of order 2n — 1. The closed-
loop stability properties with such a PW PPC are given by the following theorem (similarly for a PW PPC
corresponding to the Pg-form of the plant).

5.14 Theorem: Consider the LTV plant (5.1) satisfying Assumptions 3.1, 3.3, 5.12, 5.13 and its I/O
operator expressed in the Pr-form (5.3). Further, consider the PW PPC (5.19), realized in state-space by
(5.10) and applied to the LTV plant (5.1). Then there exists a constant us > 0 such that ¥V u € [0, p12),

1. the closed-loop plant is ES and therefore, BIBS and BIBO stable;

2. the closed-loop state transition matrix is exponentially decaying with rate that depends on A7l(s),
D~Y(s) and the value of y;

3. the closed-loop PIO D;1(s,t) satisfies

D.(s,t) = Au(s) + A(s,1)

"Note that, in general, the PDO’s Dy, Ny of the Pr and Py, form are not the same but their coefficients may be different by
O (n).

8In this case we take A«(s) to be TI; if otherwise selected, A«(s,t) should be slowly TV since the speed of variation of its
coefficients affects the range of p for which closed-loop stability can be guaranteed.
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where A(s,t) is a PDO of degree at most 2n — 2, with smooth, UB coefficients O(u). \VAV

Proof: 1In Appendix V.
The results of Theorem 5.14 can be extended to a wider class of slowly TV plants and a wider class of

control laws. For example, Assumption 5.12 may be relaxed as

5.15 Assumption: ||(;)p||Oo < . |

5.16 Theorem: Suppose that for the LTV plant (5.1), Assumptions 5.15, 3.1, 5.13 and 3.3 are satisfied
except that in 3.1 the plant parameters are only required to be Lipschitz continuous. Also suppose that an
LTV controller, of constant order and with a UB parameter vector ©.(t) satisfying ||(96||Oo < p,° is designed
so that the frozen closed loop is ES with rate at most —a, for allt € Ry. Then there exists a constant
pa > 0 such that ¥V u € [0, us),

1. the closed-loop system is ES and, therefore, BIBS stable;

2. the exponential rate of decay the closed-loop state transition matrix depends on a, and the value of .

\VAY

Proof: Immediate from Lemma 2.42. Also notice that, in view of Theorem 5.10, it is quite straight-

forward to further relax the conditions of the theorem to hold in a piecewise sense and on the average. 00O

5.17 Remark: Theorem 5.16 allows the construction of a large class of stabilizing controllers for slowly
TV plants, including most of the controllers that can be designed using LTI techniques. For example, an LTI
PPC, or a Linear Quadratic Gaussian Regulator with guaranteed stability margin (see [Kai.80]), satisfies
the above conditions'® and can be used as PW designs. Furthermore, under Assumption 4.14, a PW MRC
also belongs to the same class as a special case of a PPC. Note that a more general and quantitative version
of these results has been given in [S.A.91] where the properties of the closed-loop TV sensitivity operators

are approximated by the properties of the corresponding operators of the frozen closed-loop plant. \VAV/

5.18 Remark: In the special case of an IMP/PPC design we may select the PDO P(s,t), entering in
equations (5.14) and (5.15), in a PW sense (PW IMP) and then perform a TV PPC design for the augmented
plant. This approach requires less restrictive and easier to check assumptions while preserving the stabilizing
properties of the TV PPC for arbitrarily fast TV plants (see Corollary 5.7). Moreover, it has the advantage
that even if Assumption 5.8 is not satisfied, small tracking errors can be achieved for slowly TV plants.

For example, assuming that N,(s,t), A(s) are strongly left coprime PDO’s in Ry, ! we can solve
A(S)X(S,t) - Np(s,t)p(s,t) = D,(s,)Q(s) (5.20)

instead of (5.15), by solving a system of linear algebraic equations. Next the TV PPC parameters are
calculated as in Corollary 5.7 with P(s,t), X(s,t) being replaced by p(s,t), X(s,t) respectively. In this case

the tracking error becomes

e = Nz(s,t)fi:l(s)f((s,t)Q_l(s)A(s)[r] (5.21)
+No(s,8) AT (5)[A(5) X (5, 8) — X (5,0)A(s)]Q ™" (5)["]

?Such a condition holds if, for example, the controller parameter vector ©. is a Lipschitz continuous function of the plant
parameter vector ©p.

10Their order is constant and, under Assumption 5.13, their parameters are Lipschitz continuous functions of the plant
parameters.

1 Note that for slowly TV plants, the strong pointwise coprimeness of Np(s,t) and A(s) guarantees the strong left coprimeness
of the PDO’s Ny(s,t), A(s).
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The coefficients of the PDO [A(s)X(s,t) — X (s,t)A(s)] depend on the derivatives of the plant parameters
and, hence, the contribution of the last term of (5.21), for a UB reference input, is O(g)-small if the plant
is slowly TV. However, the PPC objective, i.e., AZ!(s) is the closed-loop PIO, is still satisfied for slow and
fast TV plants.

A similar result can also be established by using the conventional approach for SISO LTI plants, whereby
A~1(s) is included in the forward path of the loop and the PPC is designed for an augmented plant. Needless
to say, in both cases, the exponential stability of the closed-loop system is guaranteed by the PPC design,
for arbitrarily fast variations should the TV PPC be used or, for sufficiently slow variations with the PW
PPC. Finally, with this approach, an O(u) tracking error is also obtained for slowly TV plants with Lipschitz
continuous parameters. The details of these statements, however, are omitted as completely analogous to

Theorem 5.16. vV

5.7 Examples

The following examples demonstrate the design principles and properties of the TV and PW PPC for LTV
plants. For simplicity we drop the argument ¢ in the expressions of the various TV parameters.
5.19 Example: TV and PW PPC Design. Let us consider the second order plant
2

%yp + %(alyp) + azy, = %up + buy (5.22)
where aq, a2, b are the TV parameters of the plant and the control objective is to design a controller that
makes the closed-loop PIO equal to (s34 6s% + 11s + 6)~1. According to the previously presented analysis,
we realize a TV PPC law, choosing ' = —2 and ¢ = 1, as follows:

u, = p1(s+ 2)_1[u1] +psup ; up =pa(s+ 2)_1[u1] +(r—y) (5.23)
where p1, pa, ps are the controller parameters to be determined. From (5.23) the plant input can also be
written as

up = (592 +93)(s + 1) [ — yp] ; (5.24)
Vi =2—p2; Yo=p3; ¥Ys=p1+2ps—ps (5.25)

Combining (5.22) with (5.24) we obtain the PIO of the closed loop
(52 + sar + as)(s + 1) + (5 + b)(s¢bo + ¥3)] (5.26)

which is to be made equal to [s® 4+ 6s? + 11s + 6]~. Thus, we obtain the following set of equations that
Y1, a2, Y3 must satisfy:

1 1 0 U 6—ay
ay b 1 ’l/}z = 11 — as + dl (527)
as —b b Vs 6+ ds

or, in a compact form with obvious notation,

Sr)y(t) = A(t) (5.28)
Using Cramer’s rule, and letting A = (A, A3, A3)"T we obtain the solution for 1
A (b2 4 b) — Asb + As

1 det[SL ()]
_ Al(az —alb)—|—A2b—A3
Yy = det[5L (0] (5.29)
1/} _ —Al(ali)—l—baz)—|—A2(a2—|—i))—|—A3(b—a1)
3 =

det[S(1)]
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where, for the solution (5.29) to exist and be bounded det[SL(t)] = b? + b— ayb + as must be bounded
away from zero, for all t > 0 (Left Coprimeness condition). From (5.25), we obtain the desired controller

parameters as
pL=vs—2¥s+ 2 pp=2—191; p3 =2 (5.30)
Thus, the response of the plant (5.22) with the controller (5.23) and the parameters (5.30), (5.29) is

Yp =1 — (542 —pa)(s® + 657 + 11s + 6) 7' (s” 4 sar + a2)[r] (5.31)

and, hence, the control objective 1s satisfied exactly with no restrictions on the speed of variation of the
plant parameters, other than being finite.

In contrast to the above solution, the design of a PW PPC proceeds by ‘freezing’ the values of a1, as, b
in (5.26) at each time instant [Kre.86, M.G.88], i.e., by taking their derivatives to be identically zero. Thus,
the parameters ¥, 19,13 are calculated by solving

1 1 0 1 6—ay
ay b 1 1/)2 = 11 — as (532)
az 0 b V3 6

Furthermore, for a pointwise realization of the PPC we select

PL=vY3—2%s ; pp=2—11 ; p3=1s

A comparison with (5.25) shows that the effective controller parameters ¢; are now 1, ¢q, ¢3 + 1/.)2. Thus,
using the PW PPC, the PIO (5.26) becomes

[53 +6s7+11ls+6— s(ay — 1/)2) —ag — b1/)2 + 51/.)2]_1 (5.33)

From (5.33) it becomes apparent that, in general, this solution cannot satisfy the control objective exactly,
unless the plant is TI. Furthermore, the closed-loop stability cannot be guaranteed unless the plant is slowly
TV, ie., ay, as, b are small which, together with the assumed strong nonsingularity of the Sylvester matrix,

implies that 1/32 is also small. \VAV/

5.20 Simulations: Next, we assign some numerical values for the plant parameters ai,as,b and

calculate the corresponding PPC parameters. Let
ay =20+ 12sinput ; az = 6cosput ; b=—1 (5.34)

where 1 is a positive constant which determines the speed of variation of aj,as. Then det[Sp(t)] = 21 +
12sin 2t 4+ 6 cos 2t > 7.5836 V¢ and the TV PPC parameters are obtained, in a straightforward way, from
(5.29) and (5.30). Moreover, the PW PPC parameters are similarly calculated from (5.32) by observing that,
for this example, the PW and left TV Sylvester matrices are the same since b=0.

In Fig. 5.4 the response of the closed loop system during regulation (» = 0) is shown for the TV and PW
PPC. Notice that due to the ‘small’ value of y, the PW design is able to preserve the closed-loop stability.

On the other hand, while a larger value of u does not affect the closed-loop stability for the TV PPC,
it is likely to cause the failure of a PW PPC. Letting ¢ = 2 and using the TV PPC, exact regulation is
achieved, as shown in Fig. 5.5. Using the PW PPC, however, the regulation response of the plant becomes
unbounded, as shown in Fig. 5.6. In fact, it can be shown (via Floquet analysis) that, for this example, the

PIO (5.33) corresponding to the closed-loop with the PW PPC, is unstable. \VAV/

5.21 Example: TV IMP/PPC Design. Let us now consider the case where, in addition to the closed-
loop stability, the control objective is that the output of the plant (5.22) should track constant reference



5.7. EXAMPLES 102

TV PPC () and PW PPC (- )

E._ i
3
-5 i i i i i i i i i
0 1 2 3 4 5 6 7 8 9 10
time
Figure 5.4: Slowly TV plant (¢ = 0.5): Exact asymptotic regulation with
the TV and PW PPC.
10 TV F‘PC
= 57 )
=3
3
0,
-5 i i i i i i i i i
0 1 2 3 4 5 6 7 8 9 10
time
Figure 9.5 Fast TV plant (¢ = 2): Exact asymptotic regulation with
the TV PPC.
60 P\N‘PPC
g
3
time
Figure 5.6: Fast TV plant ( = 2): Unbounded response obtained with
the PW PPC during regulation.
60 TV PPC
é-. i
3 i
-40 i i i i i
0 5 10 15 20 25 30
time
Figure 5.7 Fast TV plant (2 = 2): Poor tracking of step reference inputs

with the TV PPC.
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40 TV IM‘P/PPC
g
3
-40 | | | | | | |
0 5 10 15 20 25 30 35 40
time
Figure 5.8: Fast TV plant (4 = 2): Exact asymptotic tracking of step

reference inputs with the TV IMP/PPC.

signals. In general, the performance of a simple (TV or PW) PPC scheme with respect to such an objective,
may be very poor. This is demonstrated in Fig. 5.7 where we use the TV PPC of the previous example
(with g = 2) to track a square wave reference input with values alternating between 0 and 10.

In order to enhance the tracking performance of the TV PPC we employ the results presented in Section
5.4 to design a TV IMP/PPC. Thus, according to Corollary 5.7, we take A=!(s) = s~1 and design the plant
input as

Up = —pYp Ty ; Up = (591 + Y2)(s +¥3) T r = yp] 5 (5.35)
where p is a time-varying gain and u, is realized as in the TV PPC case (equs. (5.23), (5.24)). We observe
that in this case, we need not increase the order of the controller since deg[A(s)] = 1 ~ deg[@(s)] = 0. From

Corollary 5.7 we have that p should satisfy

s+ sai+axs+(s+b)p=(s+2)s (5.36)
for some x. Performing the calculations in (5.36) we obtain

p=—bp—(as+a1) ; z=a1+p (5.37)

At this point we assume that we can find a bounded function of time, p, s.t. (5.37) is satisfied. Note
that in the LTT case (p = 0) this assumption reduces to b # 0, i.e., the plant zero should not be a zero of the
internal model A(s). The rest of the TV IMP/PPC design is done as in the PPC case with [s + (a1 + p)]s
in the place of [s? + sa; + a2]. The final TV IMP/PPC design guarantees the closed-loop internal stability

as well as the exact tracking of constant (step) reference inputs. \VAV/

5.22 Simulations: Using the numerical values of Example 5.19, with g = 2, we obtain
p=—128in2t 4+ 6cos2t ; =20+ 6cos2t (5.38)

and the plant PIO, for which the TV PPC should be designed, is now [s? + s(20 + 6 cos 2¢) + (12 sin 2¢)] 71
and the calculation of the gains pi,ps2,ps i1s performed in the same fashion as in Example 5.19, by making

the following substitutions:

ap —— 20+ 6cos2t
as «—— 12sin2t (5.39)

The exact asymptotic tracking of step reference inputs is demonstrated in Fig. 5.8, where the output of

the closed-loop plant is required to follow a square wave reference input. \VAV/
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TV PPC + PW IMP

60
40, 4
5  20F .
=3
3 o i
-20- §
-40 i i i i i
0 5 10 15 20 25 30
time
Figure 5.9: Fast TV plant (# = 2): Bounded response but poor tracking
of step reference inputs with the TV PPC + PW IMP.
30 ‘ TV PPC-I‘- PW IMP‘
g2
3
time
Figure 5.10: Slowly TV plant (¢ = 0.5): Somewhat improved tracking
of step reference inputs with the TV PPC + PW IMP.
5.23 Example: TV PPC + PW IMP Design. Finally, to illustrate the modified IMP design mentioned
in Section 5.6, let us consider Example 5.21 again and take u, = —py, + 4,. From (5.22) we obtain

[s* + sa1 + az + (5 + b)pllyp] = (5 + b)[1]

We may now choose p to introduce the internal model as a factor of the plant PIO in a PW sense. For
example, assuming b # 0, we may take p = —as/b (other choices are also possible) which yields the following

description for the modified plant

[s* + s(ar + p)llyp] = (5 + b)[iiy]

With this choice, L(s) = s becomes a left factor of the plant PIO. Next, the control law «, is designed as a
TV PPC for the modified plant, i.e., for the plant [s?+s(a; +p)]~![s+b]. The resulting controller guarantees
the closed-loop stability irrespective of the speed of the plant parameter variations and O(y) tracking error
to step reference inputs.

This is demonstrated in Figs. 5.9, 5.10 and 5.11. In the first of these figures g = 2, i.e., the plant
parameters are fast TV the closed-loop is shown to have bounded response but tracking is very poor.'? In
the last two figures, ¢ = 0.5, 0.2 respectively; the tracking of a step input improves considerably as the
speed of the plant parameters decreases. \VAV/

APPENDIX V

128tep reference input; 0-10 transition at t = 10.
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40 ‘ TV PPC-"- PW IM‘P
g
3
-40 i i i i i i i i i
0 5 10 15 20 25 30 35 40 45 50
time
Figure 5.11: Slowly TV plant (¢ = 0.2): Considerably improved tracking

of step reference inputs with the TV PPC + PW IMP.

Proof of Corollary 5.7:

For the first part of the Corollary we must show that D,() and IV, are strongly left coprime PDO’s in R .
From Definition 2.12, it suffices to show that there exist PDO’s XY, Xy, Yy with smooth UB coefficients,
such that

D,QX +NY =13 DyQXo+ NyYo=0.

Since D, and N, are strongly left coprime in R4, the PDO’s Dg, Ng, corresponding to the right coprime
factorization of the plant, exist and have smooth UB coefficients and satisfy D, Ng—N, Dr = 0. Further, since
() and Npg are strongly left coprime in R, there exist PDO’s X, Y,, Xg, Ygr with smooth UB coefficients
such that

QX,+ NrY,=1; QXgp+ NgYr=0.

Hence, D,QXgr + Dy NrYr = D,QXgr + Ny DrYr = 0. Next, let X;,Y; be the PDO’s satisfying D, X; +
NpY1 = 1 which, by the strong coprimeness of D, and N,, exist and have smooth UB coefficients. Since
) and Npg are strongly left coprime in Ry, there exist PDO’s X, W with smooth UB coefficients, such
that QX — NgW = X,. Define the PDO Y = Y; — DrW. It follows that D, NgW — N, DrW = 0 and
D,(X1 + NrW) + N,(Y1 — DrW) = 1 from which we obtain D,QX + N,Y = 1. Letting X, = Xg and
Yy = DgYp it follows from Definition 2.12 that the PDO’s D, and N, are strongly left coprime in R.

The above result guarantees the existence of two PDQO’s Nl,Nz with smooth UB coefficients such that
DPQNQ + NpN1 = A,. Letting Ny = Ny — PNQ, we obtain equation (5.14). The rest of the proof of part
(a.) follows from Lemma 2.35 using similar arguments as in Theorems 4.10 and 5.5.

For part (b.) and after some straightforward calculations we obtain the following equation for the tracking

€Iror € =r — Yp

~ -1

e = Na(s,1) | X(5,8)A(5)Na(s,1) + Np(s, ) Ni(s,8)|  X(s,8)A(5)Q*(s)[r] (5.40)

where, from Assumption 5.8,

Since A(s)Q™(s)[r] = Q71 (s)A(s)[r] = Q@ 1(5)[0] we get
e = Na(s) A7 ()X (5)Q™(s)[0] (5.41)

Consequently, by part (a.) the closed-loop system is ES and the tracking error decays to zero exponentially
fast. oo
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Proof of Theorem 5.14:

Note that, by Lemma 2.41, either Assumption 3.2 or its pointwise version 5.13 can be used, since the
latter implies the former for p € [0, pi29) and some ping > 0. For the PW PPC, the coefficients of the controller
PDO’s M;(s,t) are obtained by a pointwise solution of the corresponding Diophantine equation (see Lemma
5.1) i.e.,

Dp(s,t) x Ma(s,t) + Np(s,t) x Mq(s,t) = Ac(s)

where (%) denotes a pointwise operation. Hence, from property P4 of the PDO’s, it follows that M;(s,?)

satisfy
Dp(s,t)Ma(s,t) + Np(s, ) Mi1(s,t) = Au(s) + Ai(s,1) (5.42)

where Aq(s,t) is a PDO of degree 2n—2, with coefficients O(p). Furthermore, since the controller parameters
pi(t) are found by pointwise calculations from M;(s,t), it follows that the realized control law corresponds
to PDO’s Mi(s,t) such that the PDO’s Mi(s,t) — M;(s,t) have coefficients O(y) and Mz(s,t) — Ms(s,t) is
of degree n — 2. Thus, the actual closed-loop system has PIO

DIV (s,1) = [Dy(s, 1) Ma(s, 1) + Np(s,0) My(s5,0)]7" = [Au(s) + A(s, )] (5.43)

where, again, A(s,?) is a PDO of degree 2n — 2, with coefficients O(y). Hence, by Lemma 2.45, the closed-
loop system is BIBO stable V i € [0, p2), for some ps > 0 (and pa < pag). Further, the internal stability of
the plant and the exponential stability of the closed-loop system follow by using similar arguments as in the

proof of Theorem 5.5 where, now, D, is given by (5.43). oo



Chapter 6

On-Line Parametric Identification

6.1 Introduction

In the previous chapters we established some general controller design techniques which under their respective
assumptions and given a complete knowledge of the plant parameters produce a stabilizing controller. In
practice, however, such a knowledge is more often than not unavailable, introducing some uncertainty in the
dynamical description of the plant. This uncertainty can be in the form of a general dynamical operator
(dynamic uncertainty) and/or in the form of parametric uncertainty, that is an error in the parameters of
the state-space representation of the (nominal) plant. For both types of uncertainty, a controller designed
so as to make the nominal closed-loop plant exponentially stable is also able to guarantee stability in the
presence of sufficiently ‘small’” amounts of uncertainty. For example, such a result may easily be established
by employing the small-gain theorem [D.V.75] for dynamic uncertainty whose operator has small gain or
Lemma 2.45 for small parametric uncertainty. In the context of TV plants, however, the requirement that
the parametric uncertainty is small may be too restrictive and difficult to satisfy. Consider for example
a parameter varying as sin(wpt); any small perturbation of the frequency wy is sufficient to destroy the
knowledge of the parameter within a small or small-in-the-mean-square error.

On the other hand, it is intuitively possible to use a parameter estimation scheme to identify the pa-
rameters of the nominal plant on-line, thus reducing a large parametric uncertainty to a level that can be
tolerated by the controller. The implementation of this deceivingly simple idea is the subject of the rest of
this book. The main theoretical problem, introduced by such an implementation, is the severe nonlinear
coupling between the parameter estimator and the control law. This raises questions not only about the sta-
bility /boundedness of the closed-loop system but about the existence of solutions of the differential equation
describing the closed-loop as well.

In order to provide an answer to these questions, we first need to establish some fundamental properties
of parameter estimation algorithms operating in a closed-loop environment. In such an environment the
various signals cannot be assumed to be bounded a priori —or, for that matter, even exist at all. Moreover,
any convenient arguments on the convergence of the estimated parameters are also absent since the closed-
loop signals are not in the disposal of the designer. The derivation of the properties of parameter estimators
under such weak conditions is the subject of this chapter. We begin with Section 6.2 where we consider a
general affine in the (TV) parameters model and analyze some basic algorithms for the estimation of the
TV parameters. The results of Section 6.2 are subsequently employed in Section 6.3 where we discuss the
parametric identification of the I/O operator of a general LTV plant. Finally, we present a simple example

to illustrate the main ideas of this chapter.

107
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6.2 Affine Parametric Models and Estimation of TV Parameters
Let us consider the parametric model,

y(t) = w' (1)0.(t) + (1) (6.1)

where y : [to,t0 + T] — R, w : [to,to + T] — R™ are signals available for measurement, 6, : Ry — R is
a vector of unknown parameters and 7 : [tg,{p + T] — R is an unknown signal which is typically due to
modelling error effects or noise in (6.1).

Parametric models of the form (6.1) have been extensively studied in the identification of LTT plants,
where 0, is constant (e.g., see [S.B.89, G.S5.84]). As we have shown in Chapter 2, the parametric model
(6.1) is also applicable in the case of LTV plants, e.g., see equation (3.21) where 6, is a vector of the PDO
coefficients of the plant 1/O operator in the Py form and 7 is a swapping term depending on 0.. In this
section, our objective is to develop and study parameter estimators or adaptive laws to estimate 6.(¢) in

(6.1). For this purpose, we assume that

6.1 Assumption: 6, is UB and piecewise Lipschitz continuous on Ry with piecewise UB derwative; we
use ny to denote the number of points of discontinuity of 0, —always of the first kind— in an interval
I Clto,to +711; i

6.2 Assumption: w, 0 (and therefore y) are UB and piecewise continuous on [to,tg + T, in this context
‘UB’ also denotes that the bounds are independent of T and ty; [ |

6.3 Assumption: ¢ bounded, conver set M(t) with smooth boundary and such that 6, (t) € M(1),Vt € Ry,
e.

is known a priori. For simplicity, we assume that the set M(t) is a ball in R™, i.e.,
M) =M={0eR": |0 —0.| < My}
where the center 8, and the radius My are constant. |

Assumption 6.2 requires w,n and y to be UB on [tg,1o + 7] with bounds that are independent of ¢4 and
T. In most identification problems of LTV plants parametrized by (6.1), such an assumption is satisfied by
considering either stable LTV plants or plants which are stabilized by a fixed (non-adaptive) controller. On
the other hand, if Assumption 6.2 fails, it is often possible to rewrite (6.1) as

g(t) = @ (D)0.(1) + (1)

where Z denotes the normalized signal z, i.e., Z(t) = x(t)/m(t) and m(t) is a suitable normalization signal
selected so that w,n and y satisfy Assumption 6.2. This situation typically arises in an adaptive control
setup where the closed-loop signals may not be assumed to be UB a priori. Normalization is therefore a
useful tool which allows us to extend any results developed for the parametric model (6.1) to such cases. A
more detailed discussion on the design of a normalization signal is given later in this and the next chapter.

In Assumption 6.3, the parameter My used in the definition of the set M is a measure of the size of the
parametric uncertainty in f,(¢). With a little additional effort both My and @, can be allowed to vary with
time. For example, under a similar formulation, 1t 1s possible to admit generalized ellipsoids as parametric
uncertainty sets, 1.e.,

M(1) = {0 € R : MO8 - 0.(0)]] < 1)

where M () is a known, strongly nonsingular, positive definite matrix V¢ € Ry, 0.(t) is a known vector and

M, 8. are Lipschitz continuous and UB on R . At this stage, we do not consider such a generalization, as
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it unnecessarily complicates the presentation without offering any significant improvement of the results; it
may be useful, however, in subsequent studies.

Furthermore, the vector norm in the definition of the set M can be chosen as the most convenient one
for the particular problem although norms whose unit balls have non-smooth boundaries introduce some
additional difficulties in the estimator construction. In our discussion we avoid this rather minor issue by
considering only two vector norms, namely the | - |3 and the | - | which are a ‘natural” selection in most
applications. For example, | - |2 would be less conservative if the uncertainty in 0,(¢) is specified in terms
of the radius of a sphere while |- |5 would be more appropriate if it is specified in terms of the minimum
and maximum value of its components. Notice that in this case, the estimation problem can be treated
component-wise with interval constraints and thus satisfy the smooth boundary assumption; an example of
this is presented later.

We may now develop an adaptive law to estimate 6, in (6.1) according to the following procedure:

Let 0(t) be the estimate of 0,.(¢) at time ¢. Then the estimated value of y at time ¢, based on the estimate
0(t), is

y(t) = wT (1)0(t) (6.2)
The estimation error
a=g—y=wl—y (6.3)

is therefore a measure of the ‘quality’ of estimation in the sense of (6.1), that is, how well is the partially
unknown parametric model (6.1) approximated by (6.2). Substituting (6.1) and (6.2) in (6.3), it follows that
the estimation error is expressed as

a=w'¢-— n
where ¢ 29 f. 1s the parameter error. In other words, ¢; contains information about the parameter
error, in an inner product form, corrupted by the noise term 7. An adaptive law to update the estimate 6

is designed by using the gradient projection method to minimize the cost
J(0) = ¢ = (wT0—y)’
with respect to # and subject to the constraint § € M. Such an update law has the form
0 =P (—yeqw) ; 0(ty) e M (6.4)

where v > 0 is a constant gain referred to as the adaptation gain and, for simplicity, is taken as scalar and
P denotes a projection operator, designed to guarantee § € M.

Essentially, the operator P is the identity when 6 is in the interior of M and projects —ye;w on the tangent
hyperplane at #(¢) when the latter is on the boundary of M and the vectorfield points towards the exterior of
M (e.g., see [Ega.79, G.S.84, S.B.89]). Some additional provisions are taken so that the vectorfield in (6.4)
is (at least locally) Lipschitz continuous, in order to avoid any problems with the existence and uniqueness
of 8, as well as problems in the numerical simulations of the adaptive law. For this purpose, we may slightly
increase the size of the set M, i.e., define a boundary region of some small but nonzero thickness, where we
make a smooth transition between projected and unprojected vectorfields. The thickness of the boundary
region is denoted throughout by e, which is treated as a small design parameter. In the following examples
we illustrate such a design of the projection operator in the two, most frequently encountered, cases where
the set M is specified in terms of an L., and an Ly vector norm. It should be mentioned that the existence
and uniqueness (in the sense of Fillipov) of solutions of differential equations of the form (6.4) have been
established in [P.1.91] for a general projection operator. It is therefore theoretically possible to select ¢, = 0.
In practice, however, such a choice may cause numerical problems due to the discontinuous vectorfield in the

differential equation with projection. For this reason, in the following we assume that €, > 0.
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1 1
Opi eqw; >0 Opi eqw; <0
0 = 0 |
. Hz*mzn 9_’_ Hi*max
k3 k3

Figure 6.1: The functions op;.

6.4 Example: When the set M is defined in terms of the minimum and maximum values of the
components of 8, say O;umin and O;emqr respectively, the projection operator P is simply constructed as a
multiplier of the form

P = diag[o,;]

max< 0,min |1,1+ &_iM when e;w; > 0
Tpi = § max4q0,min |1,1+ 9”‘%’?_9’ when e¢;w; < 0 (6.5)
1 otherwise

where €, is an arbitrary, small positive constant whose purpose is to ensure the Lipschitz continuity (in ) of

opi€1w;, something that can be shown using Assumptions 6.1-6.3. Pictorially, the functions o,; are shown

in Fig. 6.1. vV

6.5 Example: A similar construction of the projection operator P is also possible when the set M is

defined in terms of the Euclidean norm of 8,. In this case the set M is of the general form
M={eR": |0 —0.]pm <1}

where |6]2 ar denotes the weighted Euclidean norm (HTMH) Y2 and Mis a symmetric positive definite matrix.
In other words, M is a generalized ellipsoid in R” centered at 4..

For such a set, one simple form of a projection operator can be given in terms of a multiplier
P=1-0,00]

where
_ M(p-0)
M0 —06.)]

is the normal vector, pointing outwards, on the surface |0 — 6.|2 yr = constant,’

01

€x

o — { maX{O,min [1, M]} when ;w0 <0
=

otherwise

and €, 1s again an arbitrary, small positive constant. \VAV/
The properties of the adaptive law (6.4) are given by the following theorem.

6.6 Theorem: Consider the parametric model (6.1), satisfying Assumptions 6.1-6.3, and the adaptive
law (6.4). Then,

a. 6, 6 are UB on [to,to + T] (0 is within distance €, from M);

b. there exist constants Cy, C1, Ky, Ky, independent of T', g, such that for any interval I = [ty,t;+Tr] C
[to,to + 171,

1The constant used here is the current value of |6 — Ocl2,a, iee., 8 is the normal vector on the boundary of a scaled ellipsoid,
similar to M, that passes through the point . Note that a more efficient but more complicated type of projection would be to
take 6, to be the vector of minimum distance between 6 and M.
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tr4+Tr tr4+Tr K tr+7r | K
L. / €l(t)dt < Co +/ W2 (4) dt + ﬁ/ 165 (t)]; dt + —Ln;
Y Y

tr tr tr
tr+7r | tr+77

2. / |9(t)|2dt§7201/ (t)dt
ir tr

where 0% denotes the Lipschitz continuous part of 0,, i.e., 0, = 05 + 07, for some piecewise constant (jump)

function 07 and |- |; is the linear functional norm induced by the norm employed in the definition of the set

M. \VAV/
Proof: 1In Appendix VI.

At this point, it is worthwhile to make some observations on the performance of the adaptive law (6.4),
as given by Theorem 6.6 and its relation with the various design parameters.

e The adaptive law (6.4) identifies the I/O properties of 6., viewed as an operator defined by (6.1), in the
mean-square sense. In this sense, the mean-square value of the estimation error is a measure of the quality
of identification. Thus, the identification is ‘successful’ from an I/O point of view, provided that 8, varies
slowly with time and the noise term 7 is small.

e The constants used in the theorem depend on the size of parametric uncertainty (Mp) and the gain of

adaptation () as follows:
Co=0(M;/7) 5 Ky=0(Mo) ; Cy=|lwll3,

while K is of the order of the maximum size of jumps. These relations imply that if the adaptation gain is
large enough compared with the speed of variation of 8., the mean-square value of the estimation error is of
the order of the mean-square value of the noise term 7.

e In the special case where = 0 and 6, = constant, the estimation error €; i1s square integrable. It
follows that if €; is also uniformly continuous, then as 7" — oo, e — 0. This does not imply, however,
that for small n and f., ¢; remains uniformly small as T — oo. Instead, properties (2) and (3) allow for
the possibility of ‘burst’ phenomena, whereby the estimation error may attain O(My)-large values during
short time periods. Such phenomena can be avoided in the case of constant parameters by using some
a priori information on the Lo, bound of 7 and a ‘dead-zone’ modification in the adaptive law (e.g., see
[P.N.82, MGHM.88, G.5.84]). Tt is not clear though, whether this technique can be transferred to the TV
case with similar results.

e Even in the TI case, Theorem 6.6 does not provide any conclusions on the ‘strong’ convergence of the
operator  to 0., i.e., the convergence of ||# — 6.|| to zero. Although such a convergence is desirable, it does
not seem to be possible unless 0, is constant and the vector w is persistently exciting [And.77]. When the
unknown parameter vector 8, is slowly TV this result can be extended to the parametric model (6.1) within

an error that depends on the speed of variation of , [M.G.87].

Analogous results can be obtained with estimators employing the so-called o-modification [I.K.83]. With
this modification, a term —o (6 — 6.) is introduced in the vectorfield of the estimator, providing the necessary

component to ensure the boundedness of the parameter estimates, for example
0= —veyw— o6 —46.) (6.7)
where ¢ is a positive constant.

6.7 Theorem: Consider the parametric model (6.1), satisfving Assumptions 6.1-6.2 and the adaptive law
(6.7). Then,
a. 0,6 are UB on [tg,to + T] and 0(t) converges exponentially fast to a residual set

{o:100 -0 < [T O = w00}
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b. there exist constants Cy,Cy, Ky, independent of Ty, such that for any interval I = [ty 15 + T7] C
[to,to + 17,

tr+Tr tr4+Tr
1. / () dt < Cy +/ ni(t)dt ...

ir tr

1 futTn Ky

1 . d
0:(t)|3 dt + -

NG

tr4+1r 1/2
Cy / aydt| ...
tr

+ Ve (0.(t) — 0.) +

27 ir

tr+7Tr |
2. [/ 10(t)|% dt

1/2
<y

tr
tr4+Tr 172
+o / |0(t) — 0.|2 dt
tr
where 85 denotes the Lipschitz continuous part of 0,. \VAV/

Proof: 1In Appendix VI.

Such an estimator has the advantage that parameter boundedness is guaranteed without the explicit a
priori knowledge of a bound on the parametric uncertainty. However, unlike an estimator using projection,
it does not recover any asymptotic identification properties when the parameters become constants. An
additional drawback is that the selection of ¢ and 7 involves certain trade-offs since both ¢ and 1/0 appear
in the various bounds. For example, %|9* —0.]* and 7% |9i |2 both appear as perturbations in the mean-square
value of the estimation error. And although their contribution can be lessened by increasing the value of
the adaptation gain, such an approach has the undesirable effect of increasing the bound of # as well as the
mean-square value of  and may cause instability in an adaptive control scheme employing (6.7). On the
other hand, the properties of the above theorem indicate that this estimator can be particularly effective
when the (unknown) parametric uncertainty is small (i.e., |#. — 8.] is ‘small’).

It should be mentioned that another difference between the two techniques discussed above is that using
an estimator with projection, the parameters are guaranteed to be UB with considerably weaker assumptions.
In fact, if the bounds of the signals w, n depend on T, the projection still guarantees the uniform boundedness
of 8, although in this case the constants in the Theorem 6.6 may depend on 7. The same statement is not
true for an estimator with a o-modification, in which case, the failure of w,n to be UB results in parameter
estimates whose bound may depend on T'. Such a property, however, is not exploited any further and in the
sequel Assumption 6.2 —or sufficient conditions for it to be satisfied— is employed whenever a parameter
estimation algorithm is constructed.

6.8 Remark: It is possible to retain most of the attractive simplicity of the o-modification and, at the
same time, achieve error bounds as in Theorem 6.6 by using the a priori knowledge of My to switch on the

o term only when the magnitude of the parameter estimates is large. In this case, o is chosen as a Lipschitz

0 = 0gmax {O,min [1, MFMJ] }

function of |# — 0.|2, e.g.,

€4
where oy is a positive constant. This switching o-modification has the property that, provided |6, —0.|» < My,
o(0—6,)T(0 —0,) > 0.2 Using this property it is straightforward to verify that Theorem 6.7 is still valid

and the mean-square value of ¢; satisfies
o 2(0) 4+ 27(0(8) — 0.)T(6(t) — 0. (1)) | dt <
t 61()+7(() ) (0(t) = 0.(1))| dt < Co+ ...
I

tr+7Tr K’ tr+7r | K
w [ s 22 [ ol S
tr Y Ju Y

2QOtherwise, the switching o-modification acts effectively as the constant one with similar properties.
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where the constants CY, K(’z), K/, have similar properties as Cy, Ky, Ky of the projection algorithm. Moreover,
¢ is UB and (@ — 6.) is exponentially decaying to a set bounded (in the 2-norm) by My + Ole.] + O[\/g]
Hence, the size of this set is essentially independent of the initial conditions #(¢¢) and, with an appropriate
choice of ¢, and the ratio v/og, can be made arbitrarily close to My. An attractive property of the switching
o-modification is that 1t can be used together with a projection to accommodate a priori known time-varying
parametric uncertainty (., My) sets, while preserving the properties of the projection algorithms. Note that
when M(t) changes with time, there is a possibility of # being well outside the projection set at some time

instant. In such a case, the term —o(6 — 6.) provides means to bring ¢ back to M(¢) exponentially fast.

\VAY

It is now apparent that the estimators presented in this section have the essential properties required for
the successful I/0 identification of a slowly TV multiplier §.. The quality of the identification is determined
by the mean-square value of the estimation error and, as intuitively expected, improves as the speed of
variations of §. decreases. What remains to be established is that the unknown I/O operator can be
described in a form satisfying the assumptions of Theorem 6.6 and 6.7. This problem is studied in the

following section.

6.3 Parametric Identification of LTV Plants

In this section we discuss the identification problem of the I/O operator of a LTV plant. Our focus is on
parametric identification whereby we perform the identification of the operator by estimating the parameters
of a suitable parametric model. Such parametric models for the LTV plants under consideration have been
derived in Chapter 3 [e.g., see equations (3.20), (3.21)] and are in or can be transformed to the standard
form (6.1). Thus, we can apply the results of the previous section to estimate the parameter vector f, in,
say, (3.21) which in turn corresponds to the PDO coefficients of the Pr-form of the plant I/O operator.
The analysis of such identification schemes and the derivation of error bounds assessing the quality of the
parameter estimates as well as the quality of the identified plant I/O operator are the subjects of this section.
For reasons of clarity we consider the case of smooth parameter variations first and then generalize the results

to the case of non-smooth parameter variations.

6.3.1 Smooth Parameter Variations

Let us consider an LTV plant with a state-space representation given by (3.1) and satisfying Assumptions
3.1-3.3 and suppose that its order n is known. Invoking Lemma 2.32, the plant representation is topologically
equivalent to the corresponding observable canonical form and, therefore,; it admits an I/O description in
terms of PDO’s given by

o = GE(s, O] = Dy (5, )N, (5, 0)[1)

Using Lemma 3.10, the I/O description of the plant becomes
Yp = G(s)[upli.] + G(s)[yp 0] (6.8)

where G(s) = ¢7 (s — F)~! is a filter selected by the designer and ¢, F' are as specified in that lemma. Since
the vector 0. = [0],,601.]7 : Ry — R?" is directly related to the coefficients of D,(s,t) and N,(s,t) by a
constant affine transformation depending on ¢, F', it follows that 6.(¢) is also smooth and UB.

Further, in order to allow nonzero initial conditions at t = tp, in both the plant and the auxiliary filters

G(s), we augment equation (6.8) by an additional exponentially decaying term, as follows

yp = G(8)[upbi] + G(s)[ypla] + € (6.9)
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where |e(t,t0)] < cpexp[—a(t — tg)], co is a constant depending on the size of the initial conditions and —a
is the rate of exponential stability of the auxiliary filters (e.g., see proof of Lemma 3.10).

Next, employing the notion of structured parameter variations we assume, without loss of generality, that
0. (1) = TL(1)0.(1)

where TI(?) is a known (not necessarily square) matrix with smooth UB entries and é*(t) is a partially
unknown smooth UB vector. Letting II1(¢), T2(¢) be a partition of TI(#) such that 6;.(¢) = Hi(t)é*(t),
equation (6.9) becomes

yp = G(5)[up1110.] + G(5)[y, Tab.] + € (6.10)

We may now invoke the swapping Lemma 2.59 to express (6.10) in the general form of the parametric

model (6.1)

Yy = wlb.—7 (6.11)
w = [G(){upT} + Gs){yp T}
= w0 = G(5)[up L 0.] = G(s)[yp1126.]
= GG () L0} + G(s) (G () [y o160 )
G'(s) = (sI— F)_1

In order to employ Theorem 6.6 or 6.7, we need to ensure the boundedness of the regressor vector w and
swapping term 7 in the parametric model (6.11). One way to achieve this is to normalize both sides of (6.11)
by using one of the normalization signals described in Chapter 2. The general form of these signals is mzl,/p

where p € [1,00) and m,, is constructed by integrating the following differential equation
myp = —pbomp + |QUIP + qc 3 my(to) > 0 (6.12)

where () is a positive definite weighting matrix, U = [u,, yp]T, q. 1s a positive constant and 6y is such that
(F'+60I) is a Hurwitz matrix. Since the g, s,-gains of G and G’ are finite, Lemma 2.56 shows that the ratio
x/mzl,/p, x being any of the signals w, 1, y,, is UB, for as long as the truncated U; belongs to Lo, (implying,
of course, that U; € L,(§) for t < o).

Thus, the plant 1/O description after normalization becomes

s
Yp w' O, i €
= - + (6.13)
mzl)/p mzl)/p mzl)/p mzl)/p

with the normalized signals being UB and satisfying Assumption 6.2 for as long as the truncated U; belongs
to Los. Applying the procedure of Section 6.2 on (6.11) we define the estimation error ¢; by

€1 :wTé—yp

and the normalized estimation error

€1 w' Yp
i/p — _ifp  __1fp
myp mp mp

where é(t) is the estimate of 4, (t) at time ¢. The last equation defines a (normalized) parametric model that
satisfies Assumptions 6.1-6.3. Therefore, the results of the previous section are now applicable, providing
means to design and analyze adaptive laws to estimate f.. Of course, once f becomes available, the estimate
0(t) of 6.(¢) is obtained from

6(t) = TL(t)A(t)
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Note that the estimation of 6 via ¢ may also be viewed as a Kalman filtering problem where 6 is known
to satisfy a differential equation 0 = A(t)8 with unknown initial conditions. In this case the matrix TI(?)
corresponds to the completely or partially known state transition matrix associated with A(t).

Before proceeding with the design and analysis of adaptive laws to estimate é*, let us summarize at this

point the main notational conventions.

e U denotes the 1/O vector [up,y,]T. It is assumed throughout this section that the truncated (u, )
belongs to Lo, for all ¢ in a compact interval [to,to + T]; T > 0. For the class of plants considered it

follows that (yp)¢, Uy € Log over the same interval; we use the notation

Ue Looy[foyfo-l'T]

to signify this assumption. Notice that this assumption does not require u, or y, to be in L, or the

plant to be stable in any sense.

e ¢, 6 denote the parameter errors f — 6, and 6 — 0, respectively, related by () = H(t)q/;(t). Whenever
necessary, the matrix Il may be partitioned as II; such that 6;, = I1;6.. We also denote by f. a bias

term, possibly zero, being the center of the ellipsoid containing g,.

o G(s)=q"(sI-F)7' G'(s) = (sI - F)~! are frequently used. Also, to simplify the various expressions,
we use the shorthand notation G, G,, G, , Gg, to signify the operators defined by their 1/O pairs:
Gr : QU —w = G(5)[up ] + G(5)[yp115]
Gr 0 QU= G(s)[upIh] + G'(5)[ypI12]
Go, + QU G(s)[upbfia] + G(s)[ypba:] = yp
Go. + QU G(s)[upll10.] + G(s)[yp1120.]
where () 1s a positive definite matrix.
e 1 and 7} are reserved for the ‘swapping’ terms
n o= w'é.- G(S)[upﬂlé*] - G(S)[ypﬂ2é*]
ho= w0 —G(s)[u,1,0] — G(s)[y, 0]

which, for absolutely continuous 6,0 and zero initial conditions become

1= GG ()l 0} + GG (910}
1= GO} + GsH{E () 11210)

e ¢y 1s used for the ‘identification’ error defined by
e1 = G(s)[upbr] + G(s)[yp0a] — vy

and ¢; for the ‘estimation’ error

aq=w'f— Yp
while ¢ denotes an exponentially decaying term describing the effect of initial conditions.

With this notation, the block diagram of the identifier structure is shown in Fig. 6.2. It is straightforward

to verify that the identification error satisfies

e1 = G(s)[upd1] + G(s)[yppa] +
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u Yy
P P ML
Plant —()
Figure 6.2: Block diagram of the plant identifier.
and hence it is unbiased, in the sense that for 6 = é*, e1 18 decaying to zero exponentially fast. The

identification error is therefore appropriate to assess the quality of the parameter estimates interpreted as a
part of the plant I/O identification algorithm, i.e., whenever G(s)[up6:1] + G(s)[yp02] is used as an estimate

of the plant 1/O operator. On the other hand, the estimation error, related to the parameter error via
€1 = qu/; +7

has the desired for estimation purposes inner product form between the parameter error and a regressor
vector (similarly for the normalized estimation error). Notice, however that, unless 0, (t) is constant, 6=4,

does not necessarily imply that €; is exponentially decaying or even converging to zero.

6.9 Corollary: Suppose that for an LTV plant satisfying Assumptions 3.1-3.3, U € Leg [t,,1,+7] and 0,

satisfies Assumption 6.3. Then, the estimator

é:P(—'y 6“”) . 0(ty) € M

2/p
myp

guarantees that 6, 6 are UB on [to,t0 + 1] and there exist constants Cyy, Cf, C'(), K4, independent of T', t;,
such that for any interval I = [ty,t; + T7] C [tg,tg + T

2
tr+Tr - tr+Tr .
t £ "
1. / 611/() dt§00+ﬁ/ 10,()]; dt . ..
tr mp' P (t) T Ji

tr+Tr 1 .
+ | 9p,5[Glap,s, [Gr] {/ (/ e~P(6=5)(t=")| (g, (7) [P dr)
ir ir

s
[SIE

:

+O51%
y 1/2
ti+Tr . 9 et a1 (t)
2,/ 10()|" dt < | v9p,5,[Gr] / 1/p dt
i tr mp (t)
2
+C/6] ,.

where 6 > 6y is such that F' 4 61 is a Hurwitz matrix, Ky < 4M, + 2¢, and the g, s-gains of the various

operators are evaluated with respect to the underlying vector space norm. \VAV/

Proof: 1In Appendix VI.
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The above corollary gives a quite general description of the mean-squared normalized estimation error in
terms of the speed of the unstructured part of the plant parameter variations. Despite its generality, however,
the resulting expressions are quite complicated and, perhaps, unnecessarily so. Therefore, we choose at this
point to work with the normalization signal ms only, yielding more convenient and compact expressions.

Also, in an effort to further simplify the various bounds we introduce a parameter y as a measure of the

‘average’ speed of the unstructured parameter variations. That is, we assume that

6.10 Assumption: There exist constanis c, u such that

to+T .
(@) [ 0o e pt
to

to+T .
(b.) / 0. ()2 dt < ¢+ puT
to
for allty, T > 0.3 [ |

We are now in the position to give a simplified and more intuitive, albeit more conservative, version of

Corollary 6.9, stated as follows.

6.11 Corollary: Under the assumptions of Corollary 6.9 and Assumption 6.10, the estimator
6="p (-f””) . O(ty) € M

guarantees that 6,0 are UB on [to,to + T (|é — éc| < My + e.); furthermore, there exists a constant Cj
depending on the initial conditions but independent of T, 1y, such that for any interval I = [ty,i7 + T7] C
[to,to + T

tr+Tr 2 -
¢ k
1./) Q()dtgcb+[r?+3ﬁ]yn;
tr Y

5 le1]
2. 16(1)] < ATy -2 4 e(t.10):
10()] <~ 2m+6(’0)’

where Ky T'1,T'y are constants depending only on operator gains and the radius of the set M (their expres-

sions are given in the proof). \YAY

Proof: For the proof of the corollary we follow the same steps as in Corollary 6.9 except that we also

use the Cauchy inequality
1
@+ < (U+e)e’ + 1+ =)y
c
where €, > 0 is an arbitrary constant (‘Cauchy constant’) to group the more interesting integral terms

together. From Corollary 6.9, we can easily obtain the following estimates for the various bounds

92,51Glg2,5,(G%]

Ky=4My+2¢, ; T1 =(14e.
v = e — 60)

;o= g26,[Gr]
where ¢, > 0 is an arbitrary Cauchy constant and § > &y as defined in Corollary 6.9.%
The constant terms, depending on the initial conditions, are then combined to a single constant Cy which

is O(1/¢.). (Since €, is arbitrary, a single Cauchy constant is used for simplicity.) oo

3For simplicity, we use the same constant x to characterize both the mean-absolute and mean-square speed of the unstructured
parameter variations.

4Notice that, as mentioned in the proof of Corollary 6.9, simpler and perhaps tighter expressions can be used when the
parameter derivatives are small uniformly in time.
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In other words, the use of a basic estimator with projection and normalization guarantees that the mean-
square value of the estimation error is O(p, pt/v) with p representing the average speed of variation of the
unstructured part of the plant parameters. Tt is interesting to observe that higher adaptation gains () tend
to decrease but not eliminate the mean-square normalized estimation error while increasing the speed of the
parameter estimates, which is O(yp) in the mean-square sense. However, what we actually need to make

small is the mean-square value of the identification error which can be expressed as
€1 =€ —1)

yielding, after some straightforward calculations,

1/2
tr+7r 2
tr

ma(t)

1/2
[ )
tr mz(t)
tr+Tr . 1/2
+(1+ el [/ 10(t)]* dt]
tr

with our usual notation. It is now apparent that, for ‘successful’ identification (in an I/0, mean-square,

normalized sense) both ¢;/\/m3 and g should be made small in the mean-square sense, something that
involves a trade-off in the selection of the adaptation gain. Of course, as g — 0 one recovers the standard
estimation results for LTI systems (e.g., see [N.A.89, S.B.89]) whereby the value of v is irrelevant and the
normalized identification and estimation errors as well as 0 are square-integrable.

Also note that the auxiliary filters, the parameter 8y and the weighting matrix @ play an essential role
in the success of the identification scheme. Qualitative guidelines for their selection can be derived from the
above corollary so as to minimize, e.g., the identification error. However, due to the nonlinear interaction be-
tween the estimation and control laws, the effect of such parameters on the closed-loop stability /boundedness
is quite complicated and cannot be analyzed until the final stage of the analysis.

6.12 Remark: In order for the parameter estimates to converge to their true values in the uniform
norm, ie., # — 6§, if 0, is constant, or |é(t) — 4. ()] to converge to an O(p)-small residual set for a slowly
varying 0, (), we need to assume that the regressor vector w/,/ms is persistently exciting ([And.77]). In
the special case of slowly TV plants, criteria for persistence of excitation have been derived in [M.G.87].
In general, however, the appearance of the possibly fast TV matrix II in the regressor vector makes the
translation of this condition into a condition on the input signal rather complicated. Although persistence of
excitation could be beneficial in the performance of an adaptive controller, it is not necessary for closed-loop

boundedness and is not discussed any further in the present study. \VAV/

Analogous statements can be made for estimators employing the ¢ or switching o-modification. While
for the latter the derivations and the resulting expressions are similar to those of Corollary 6.11 and are
omitted, the case of the o-modification is somewhat more interesting. This is partly due to the fact that the
a priori knowledge of the set M is not required and partly due to the involved trade-off’s in the selection of
both ¢ and y. Moreover, from Theorem 6.7 it follows that the various bounds can be expressed in terms of

the mean-square value of the derivative of 0, and therefore only part (b) of Assumption 6.10 is needed.

6.13 Corollary: Suppose that for an LTV plant satisfying Assumptions 3.1-3.3, 0. is UB and satisfies
Assumption 6.10-b and U € L, |1, 1,4+7]- Then, the estimator
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guarantees that é,é are UB on [lg,ty + T] and g converges exponentially fast to the residual set

{é 6y — 6.5 < @rg}.

Furthermore, there exists a constant Cy depending on the initial conditions but independent of T ty, such
that for any interval I = [tr,t; + Ty] C [to, to + T

tr+Tr 2
1. / 90 <ot [F%u+“+K€2f] Tr;
ir mz(t) Yo Y

le] vo
—TI t,10);
\/m—2+ 9 3+€( ; 0);

where Kg,,T1,T5,T's are constants depending only on operator gains and the radius of the set M (their

2. |é(t)|2 <Al

expressions are given in the proof). \VAV/

Proof: The proof follows as a straightforward application of Theorem 6.7 using similar techniques as

in Corollary 6.9. Expressions for the estimates of the various bounds can be obtained as

Kow = |10+ — 0.]2)]|eo 5 T3 = 92,60,1Go. — G, ]
and I'y, 'y are as in Corollaries 6.9 and 6.11. oa

One implication of the last corollary is that the value of o must be carefully selected for the estimation

to be successful. For example, a large ratio v/o tends to decrease the mean-square value of €; /\/my while

increasing that of |65, On the other hand, letting ¢ = y¢’, the mean-square values of €;/,/my and |0],

become
1 1
0 (ﬂ, W,U/) and O (72% ;’720/)

respectively. Taking v = 1 for simplicity, the two can be made small, say less than ¢ < 1, by choosing ¢’ to
be O(¢) and assuming that g = O(e?). With such a choice of the adaptation parameters o and 7, however,
the parameter estimates can become as large as O(1/¢). This, in turn, gives rise to some technical problems
when the results of the corollary are used to establish the boundedness of signals in adaptive control systems.
In order to avoid these problems we need to ensure that the identification error can be made small without
increasing the bounds of the parameter estimates and the parameter error. One way to achieve this is to

restrict the class of parameter variations to those which are slow uniformly in time, as shown by the following

corollary.

6.14 Corollary: Suppose that for an LTV plant satisfying Assumptions 3.1-3.3, 6, is UB, ||67A,.<||Oo < p
and U € Lo [1y,104+7]- Then, the estimator

guarantees that é,é are UB on [lg,ty + T] and q/; converges exponentially fast to the residual set

{61000k < 1 A 3

Furthermore, there exists a constant Cy depending on the initial conditions but independent of T ty, such
that for any interval I = [ty ,t; + T1] C [to, to + T

tr+Tr 2 ) 2
t F

1,/ A <o [pllzﬂuﬂw_] T
t ma(t) v vo
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Figure 6.3: Alternative representation of the LTV plant.
; lea| . vo
2. 10(t)] < 4TIy %E+23m0+ﬂ+Fi*;ﬂ+dt%%

where Ky, 'y are as in Corollary 6.13 and T} is a constant depending on operator gains (its expression Is

given in the proof). \VAV
Proof: 1In Appendix VI.

From a different point of view, Corollaries 6.11, 6.13 and 6.14 describe the properties of an identification
procedure which identifies a left-fractional representation of an LTV 1/O operator within two stable-factor
perturbations (see Fig. 6.3). These perturbations have the property that their combined output is ‘small’ in

a mean-square, normalized sense. This can be seen by expressing y, in terms of the identification error as

Yo = G()|uph] +G(s)[ypta] —e1 +¢
er = G(3)[updi] + G(s)ypoa] = 1 — 1.

Rewriting the above equation in terms of operators we have

v = DTN, (s, 0)[up] + DTN (s){D(s) — Dy(s, )}y
_D_l(S)Np(Sat)[up] - D_l(S)Dp(Sat)[yp]

where the coefficients of ﬁp(s,t),Np(s,t) and lN)p(s,t),Np(s,t) are easily obtained from @, ¢ and D(s) =
det(sI — F').5 In other words the unknown plant Dp_l(s,t)Np(s,t) is effectively replaced by its estimate
with the known I/O operator Ezjl(s,t)]\?p(s,t) and the stable factor perturbations D_l(s)Np(s,t) and
D_l(s)[)p(s,t). The benefits are quite apparent. Since 6 is known, a controller can now be designed for the
estimated I/O operator of the plant E;l(s, t)Np(s,t). Consequently, the closed-loop stability properties are
determined by the robustness properties of the controller with respect to the stable factor perturbations e;
which are not necessarily of small gain but are small in a mean-squared, normalized sense. Such a design is
studied in more detail in a forthcoming chapter. At this point, however, we should emphasize the importance
of the auxiliary filters used in the estimator. Not only do they determine the properties of the perturbation
e1 but they also affect the sensitivity operators e; +— y, and e; +— u, which are the key operators involved

in the analysis of the properties of adaptive controllers.

5Note that Dp(s,t) is a PDO of degree n — 1.
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6.15 Example: To demonstrate the advantages of modeling the plant as in Lemmas 3.10 or 3.11 and
using the structured-parameter-variations approach, let us consider the case where the plant 1/O description
is given by

$2[yp] + slaryp] + asy, = sup] + byu, (6.14)

where
a1 =204+ 12sin2t ; as = 6cos2t ; by = —1 (6.15)

Let us also suppose that we know a priori that the plant parameters are of the form
a1 = ¢ +casin2t ; as =c3z+cycos2t ; by = ¢y (6.16)

where N,(s,t) is known to be a monic PDO of degree one and ¢; — ¢5 are some unknown constants whose
range, say Cimin < € < Cjmas, 15 known a priori.

Following the guidelines of the presented analysis let us consider the second order auxiliary filter:
T -1 T =5 1
G(s)=q' (sI—F)~", ¢' =[1,0]; F= 6 0 (6.17)
from which D(s) = s +5s+6. Applying Lemma 3.10, we obtain the following parametrization for the plant

Yp = G(s)[upbi] + G(5)[yp 0]

where . .
[ 02 + 0 sin 2 ]

1
O, = | - 3 Oo = | .
! [ 14 ] : s + 5. cos 2t

and é;r =[-1,—15,6,—12,—6] is an unknown constant vector, to be estimated. Next, employing the notion
of structured parameter variations and since the leading coefficient of N,(s,?) is known, we may express y,

as

yp = sD7H(8)[up] + G(5)[tp 11110, + G (5)[yp L]0

where,

00 0 1
Hl(t)_<1 0 0 01 0 cos

Thus, the estimation error is constructe

o oo
oo
N
=
[3v]
—~
O
s
Il
TN
oo

as
e =w 0— Yp + sD7H(s)[up)
where w! = [(0, 1)wy, wd, (1,0)ws, (0, 1)wa],

i = Flwp4qup 3 we=FTws+ qyp

ws = FTws + qupsin2t ; Wy = Flw, + qyp cos 2t

and 0 being the estimate of 0,. Since the range of each element of 0. can be directly deduced from the range

of the ¢;’s, we may use the following adaptive law to update g

=7 (—flw) (6.18)
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from which the estimates of the plant parameters, denoted by (%), are given by
by = (0,1)8; ; a1 = —(1,0)0545 ; as = —(0,1)85+6 (6.19)

Thus, according to Corollary 6.11, the estimator (6.18) guarantees that ¢, /,/my and 0 is square integrable,
for as long as U € Leg [14,1047]- Furthermore, if u,//m3 is UB, it also follows that €;/,/mz is uniformly
continuous and therefore converge to zero as t — oo, provided of course that u, € L, . However, whether
this condition is met or not depends also on the way u, is generated (for further discussion, see Chapter 8).

It should be noted that in the case there is some ambiguity in the frequency of the sin wgt terms, e.g.,

the true frequency 1s wg + 6, we can decompose the sine terms as
sin(wg + 8)t = sin wot cos §t + cos wyt sin 6t

The last equation suggests that an additional parameter should be used to estimate the cos wgt terms with
the corresponding elements of f.s being slowly TV for small é (similarly for the cosine terms). In this case,
Lemma 3.10 can still be used to establish the smallness in the mean-square of the normalized estimation

error even if wy is large. \VAV/

6.3.2 Non-Smooth Parameter Variations

For our next topic of study we consider the identification problem for plants with non-smooth parameter
variations. In this case, the plant may not be described with a convenient PDO/PIO factorization (even with
non-smooth coefficients) which would allow the straightforward application of our previous results. Instead,
we rely on Lemma 3.11 to parametrize an LTV plant of known order, with a state-space representation
satisfying Assumptions 3.4-3.6. This lemma together with Corollary 2.60 imply that the output of the LTV

plant at time ¢ can be expressed as

vp = w0 +n+i+ns+q" Op(tto)zr(to) (6.20)
no= —G(){GLQUIN)
i = G(s)[Apxr + bpuy)} + hap
o= Y a er(t ) {IP() - Ner(ty) + GLIQUIL)0, |
t,;<t

where éi is the Lipschitz continuous part and éf = thgtéij is the jump part of 0, and w is the usual
regressor vector as in the smooth parameter case; the rest of the notation is as in Lemma 3.11 Although such
a parametrization is quite more complicated than before, it nevertheless retains the same basic properties
required for an application of Theorems 6.6 and 6.7. The only difference here is that the ‘noise’ signal 5 is

composed of three terms:

1. the term 7,, which depends on the speed of varation of the Lipschitz part of 0, and is characterized
by the parameter y;

2. the term 77 which incorporates the effects of smooth approximations of the plant parameters and possible
short excursions of the plant parameters to regions where strong controllability or observability fail;

this term is characterized by the parameter p’ which is typically expected to be very small (< 1);

3. the term 77 describing the cumulative effects of the jump part of the plant parameters and characterized

by the usually very small parameter v.
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Thus, non-smooth-parameter analogs of Corollaries 6.11 and 6.13, characterizing the 1/O quality of the
identification by means of the three parameters p, ', v, can be derived in a straightforward manner from
the general theorems of Section 6.2. In the following statements, we consider an LTV plant satisfying
Assumptions 3.4-3.6 and the corresponding parameter vector ., as defined in Lemma 3.11. Without loss of
generality, we assume that

0, = Hé*

where II is a piecewise smooth, UB matrix and g, s a piecewise smooth vector with possible discontinuities
att =1;,j=1,2,...

6.16 Corollary:  Under these conditions, suppose that 0, and éi satisfy Assumptions 6.3 and 6.10,
respectively. Further suppose that U € L. [4,,1,4+7] and consider the estimator

ézp<—~y) L O(to) € M

Then, there exist vo, iy > 0, depending on the value of éy used in ms, such that for any v € [0,vy),
p € [0,ph), 0,6 are UB on [to,to +T] (|6 — 6.| < My + ¢.); furthermore, there exist constants Co, K, K
such that for any interval I = [ty,t; + T7] C [tg,tg + T

tr+Tr 2 {
t A - 1
I / G g <yt [rf + V’] pTr+ KTy + K3 (1 + ) vTr;

ir mz(t) Y 7

le1 |

ma

2. 10(1)] < AT 2L 4 (1, 10);

where K4,I'1,I's are as in Corollary 6.11. The constants f(,KJ depend on the perturbation part of the
plant and the size of jumps in the nominal plant parameters and their derivatives, respectively but they are

independent of initial conditions whose effect is incorporated in Cy; all three constants are independent of

T tg. \YAY
Proof: 1In Appendix VI.

6.17 Corollary: Under the conditions stated above, suppose that 0, is UB and éi satisfies Assumption
6.10-b. Further suppose that U € Lo [1,,1,+71] and consider the estimator

Then, there exist vy, puy > 0, depending on the value of &y used in my, such that for any v € [0,1vy),
w €10, pup), 0,6 are UB on [ty,to + T] and 6 converges exponentially fast to the residual set

{00002\ Lry}

where T is a constant, approaching I's = g2 5,[Gs, — Gg,] as the perturbation part of the plant and the
jumps in the plant parameters and their derivatives vanish. Furthermore, there exist constants Cy, K, Ky
such that for any interval I = [ty, iy + Ty] C [to,to + T

T G(t) s M e O =
1. dt <Co+ |Iip+ + K. — | Tr+ Kp'1y
ir mz(t) Yo Y

1
+K? (1 + —) vTy;
Y
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\[ —|—€tt0
F 3

where Ky, I'1, I's, I's are as in Corollaries 6.11 and 6.13. The constants f(, K depend on the perturbation

2. 16(0)] <

part of the plant and the size of jumps in the nominal plant parameters and their derivatives, respectively
but they are independent of initial conditions whose effect is incorporated in Cy; all three constants are
independent of T' 1. \VAV/

Proof: Asin Corollary 6.16, but using the expressions of Corollary 6.13 rather than 6.11. an

Thus, Corollaries 6.16 and 6.17 describe the properties of our basic estimation algorithms when used to
identify an LTV plant with non-smooth parameter variations. As in the smooth parameter case, the quality
of identification —in an I/O, normalized sense— depends on the average speed of variations of the smooth
part of 0, while the effect of the discontinuities and perturbations in the state-space description of the LTV
plant introduces two additional terms O(v) and O(y') in the various expressions.

In this case, however, y’ and v should be sufficiently small. This requirement arises from the need to
guarantee the uniform boundedness of the normalized signals, including the plant state vector, in order to
obtain expressions which are uniform with respect to the interval of integration and the initial time. Notice
that large g/ or v may result in the overall plant not being uniformly observable® and a consequent failure
of xp/\/m3 to be UB. If, on the other hand, we assume that, in addition to Assumptions 3.4-3.6, the LTV
plant (nominal and perturbation part) is uniformly observable, then no restriction on g’ and v is necessary.

Finally, as mentioned in the previous subsection, when an estimator employing the o-modification is used
for adaptive control purposes, we need to impose some additional uniformity conditions on the size of the

perturbation terms. More precisely, we assume that

;. = 1
N0:llco < 5 JALBLIEI < i’ 5 tjpr —t; > —

A

3

uniformly in ¢ and j, where as usual the superscript ‘s’ denotes the smooth part of the parameters, < refers

to the state-space perturbations due to smooth approximations and ¢; are the discontinuity points.

6.18 Corollary: Under the Assumptions of Corollary 6.17 as restricted by the above conditions, for any
o > 0 there exist vy, puy > 0 such that for any v € [0,1p) and p' € [0, uf)), 6,0 are UB on [to,to + T] and ¢

converges exponentially fast to a residual set satisfying

01 <0 (Ko 2o L0 1) w1050 (1 [T) et 12,

where Ky, is a constant as in Corollary 6.13, Kj is a constant depending on the size of the jumps in the
nominal plant parameters and their derivatives and for any o > 0, 3(¢) > 0 Is a constant.

Furthermore, there exists a constant Cy depending on the initial conditions but independent of T ty,
such that for any interval I = [ty, iy + Ty] C [to,to + T

tr+Tr 2 2 2 52

it i i

1. / 61( ) dt S CO 4 9] (NZ’/J/Z’[(;V’ XG*O-’ /'L_’ xJV) TI;.
4 ma(t) v Tyel oy

2. 0(0)] < 0.(3) S + 0 (e /77 4/77)

+K;0 (0,+/70) e~ Pl=t) 4 e(t,to); t>ty;

\VAY

6This is because Assumptions 3.5 and 3.6 are on the nominal part of the plant only.
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Proof: 1In Appendix VI.

Note that due to the complexity and increased conservatism of the expressions, we state Corollary 6.18
using the simplified notation O (x1, xs,...) < Kjz1 + Ksxo 4 -+ - where K; are constants. All such constants
are independent of the parameter estimates. We do, however, keep track of the important adaptation
parameters v and ¢ and the radius of the parametric uncertainty set Ky, for later discussion.

6.19 Remark: Although, for estimation purposes, it is possible to allow discontinuities in TI(¢) at
instants other than at ¢;, this increases the total number of discontinuity points that should be accounted
for, when the estimator is used in an adaptive control context. For this reason, and in order to maintain

some uniformity in the notation, we assume that the entries of II(¢) are smooth inside each interval (¢;,%;41).

\VAY

APPENDIX VI

Proof of Theorem 6.6:

With the properties of P, y, w and 7, the vectorfield in (6.4) satisfies the Caratheodory assumptions,
ensuring the local existence of an absolutely continuous function 6 satisfying (6.4) almost everywhere. Fur-
thermore, this solution is unique (see [C.L.55], pp. 48-51) and can be extended in the whole interval
[to,to + T]. Also, from the definition of P and with 6(¢y) € M, the distance of #(¢) from the set M is at
most ¢, (see Examples 6.4 and 6.5 for the definition of P and e, for sets M defined in an L, or Ly sense).
Hence, the first part of the theorem follows.

For the second part, let ¢;, ¢ = 0,1,...,np, ¢; < t;41 < 1o+ T, denote the points of discontinuity of 4.
in the interval [to,to + T]. Further, define the parameter error ¢ = 6 — 0,. It follows that ¢ satisfies the
differential equation

6 =P (—verw)— 02 ; L€t lip1)
with initial conditions

$(to) = 0(to) — 0.(to)

and boundary conditions at each discontinuity point

o(t:) = o(t7) — [0.(5]) — 0.(27)]

where ¢, tF

[

Next, consider the positive definite function V' = %¢>T¢> The derivative of V' along the trajectories of

are used to denote left and right limits respectively.

(6.4) is given by
. 1 .
V==¢"Plaw) - ;(zﬁez s tE [ty tiy)

From the definitions of P and M and after some simple geometry, it follows that when the projection is

active (#£ 1), V decreases faster than the V' corresponding to a vectorfield without projection. Hence,
. 1 .
V<—eaoTw——¢T0; t€titip)
v
from which, using (6.3) and taking norms of the sign-indefinite terms we obtain
’ 2 1 is
V< -6 +lanl+ ;||¢>||oo|9*|z' ;L€ [t tig)

where the subscript ¢ denotes the functional norm induced by the norm of ¢ (typically the norm used to define

M). Moreover, V' being absolutely continuous in [t;,%;41), a simple completion of squares and integration
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yields
t t K o
| dmar<avan-vers [ e+ 2 [k e )
t t tq

z z

from which, V' being UB, property (1) follows. Notice that expressing V in terms of w' ¢ rather than e,
the same inequality holds for (wT#)?. Finally, property (2) follows immediately from (6.4) and Assumption
6.2. oo

Proof of Theorem 6.7:

While the existence and uniqueness of an absolutely continuous @ satisfying (6.7) follow as in Theorem
6.6, boundedness can be shown by considering the positive definite function V; = %(9 —0.)7(0 —0.). Then,
along the trajectories of (6.7)

Vl < %(y — w—rﬁc)2 — 20V

from which, # is uniformly ultimately bounded with an upper bound as given in the theorem. Further, a
bound on 4 is simply derived by taking norms on both sides of (6.7). It is important to notice that, modulo
exponentially decaying terms, these bounds are independent of the initial conditions #(%g).

For the rest of the properties, let V' = %¢T¢) where ¢ = 6 — #,. Then, as in Theorem 6.6

. o o 1.
V < —ci +len] - ;|¢>|2 + ;|¢||9* =0+ 025 tetitiv)

while, from the boundedness of § and 6., V' is UB. The inequalities of the theorem are now easily obtained

after completing the squares of the above inequality and integrating both sides. oo

Proof of Corollary 6.9:
The boundedness of § and its derivative are obtained as a straightforward application of Theorem 6.6
with the affine model (6.13), which also implies that

tr4+Tr € (t) E tr+Tr .
/ s dt < 00+K¢/ 10.(1)]: dt
tr mp' P (t) 1

ST () (L)
+, ( (1) ) “

where Cj is a constant O(ME/v), My being the radius of the set M and K, is a constant due to pulling
|(/;(t)| outside the integral. When the projection P is given by (6.5), |0 —0.||co < Mo+ €, which implies that

Kg < 4My + 2¢,, while the induced norm of é* (t) is the [; vector norm. Similar relations are also obtained
if the set M and the projection P are defined through a Euclidean norm.
Further, for the first property of the corollary, we notice that n/mzl,/p 1s UB and

my(t) > exp[—pdo(t — 7)Jm, (1), Vig <7<t (6.21)
Hence, we can express n(t), t € [tr,tr + Ty] as
(1) = (G)(GRIQUIE () + Bty )e™ =)

where the functions U, g, are taken as zero for t < ¢;. This, of course, introduces an effective initial condition
term 3(t;) for which we have that ﬁ(t;)/m;/p(tj) is UB. We may now invoke Lemma 2.56, with operator
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gains induced by the norms of the L,(6) as well as the underlying R” spaces, to write

gl E-s(OIGHIQUI s | 1B (smsuyemsr)

< gpslG
my? (t) il my/? (t) my? (1)
t ) 1/p
< g,5[G] /e—p(é—éu)(t—r) |G;[QU]|p(T)|é*(T)|pdT
- P tr mP(T)
|?(t1)| o= (5=60)(t=t1)
my" (1)

t . 1/p
9p,5[Gl9p,60[G5] [/ e~P(=00)(t=7)|g (1) dr] .
3

I

IN

n |?(t1)| o= (5=60)(t=t1)
my? (1)
from which, property (1) follows as an immediate application of the Schwarz inequality.
Note that, alternatively, one may also derive a bound for || in terms of the g1 s-gain of G, the s 5,-gain

of G and the conjugate-index L,(&)-norm of g.. Omitting for simplicity the exponentially decaying terms,

this procedure is outlined below.

] < o alGIE-IGLRUI I
5 6> 6
< sl GRUs Gl + { 27
< g15[Glp,so [Grlmp/ P ()€ s 50|10 el 4,550

More efficient bounds can be derived in the special case of TV parameters whose derivatives are small,

uniformly in time. Assuming, for example, that |é*| < p and following the same procedure we get

()]

Es(OIGHQUI s | 18D 5oty

< gp,s[G]
mw 7 (1) 7 (t1)
Bt bo(i—ts
< 9p,50[Glrp, 50 [Grl it + %e Solt—tr)
mp' " (tr)

Next, property (2) follows from Theorem 6.6 and using Lemma 2.56 to write |w|/m11,/p < gp s, [Ga] +
3" exp[—6(t —tp)]. The constant C'} is then used to absorb the integral of the exponentially decaying term
(notice that el/m},/p is UB since 6 is UB).

Finally, it i1s straightforward to extend the proof to admit non-zero initial conditions in the auxiliary
filters. In this case

elszq§+n+€+€/é

where the last term is due to the initial conditions in the auxiliary filters and the rest of the quantities are
as before. The same arguments can now be used to show the boundedness of 6 from which the contribution
of ¢'6 can be included in the Cy constants. oa

Proof of Corollary 6.14:
While the existence and uniqueness of an absolutely continuous 4 satisfying the estimator ODE follow as
in Theorem 6.6, boundedness can be shown by considering the positive definite function V = %(ZSTQJ; Then,
t

V= A 12 (0 — 6.)T 6 (6.22)

ma
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where ¢, = 6, — 6,. Completing the squares in (6.22) we obtain

V<ol L (Ko + p)? (6.23)
- 4 ms 20

where Ky, is as in Corollary 6.13. Further, as in Corollary 6.9, n?/ms < T2u? + & where I, = (1 +
€:)92,5,[G]72,50,[G%], €. is a Cauchy constant and ¢ is an exponentially decaying term due to initial conditions.

Substituting this expression in (6.23), the first part of the corollary follows.

For the rest of the properties, we use again (6.22) and complete the squares to obtain

2

2
- - 1
o < -y 4 (6K + p)?
ms 20
Integrating both sides of the last inequality we obtain property (1) while property (2) follows by taking the

norms of both sides of the estimator ODE. oo

Proof of Corollary 6.16:

From (6.20), y, has the same general form as in the smooth parameter case and therefore, in order to
apply the results of Theorem 6.6 and Corollary 6.11, it suffices to show that 7,7 and 7;, normalized by
/M, are UB and have similar average properties as 7. Indeed, 7,/,/ms can be handled the same way as
1n/y/Mz in the smooth parameter case, with 7 replacing 6, in the various expressions. On the other hand,

for 77 we have that

t 1/2
|G(s)[Apar](t)] < g2,5[C] {/t e 2D Ap () Plep(r) dT}

Since for y/, v sufficiently small, z% /ms is UB for as long as U € Lo [to,t0+1] (see Lemma 3.11) and using
the fact
ma(t) > e‘wo(t_ﬂmz(r) ot >T

we have that for all ¢’ € [0, up), v € [0, vp)

i 2 t -
|G(S)[Apl‘p](t)| < ggyé[G]A/’F‘/ 6—2(5—50)(t—7)|AF(T)|2dT+E(t,to)

mo to

for some constant Kp, independent of the initial conditions which are included in the exponentially decaying
term £(¢,tg). Next,

IG()bruy)()] < 915G / e~ 5= b p(7) [y (7)) dr

and therefore, using the Schwarz inequality, we obtain
=~ 9
mz(t) 1,6 ,
t _
ftu e~ 200(t T)|up(7')|2 dr

ma

|G(5)[IN7FUP](t)|2 < 42 [G]/te—z(é—ao)(t—r)@F(T”z dr.

the last factor being UB. Finally,
leh )z p(t)]?/ma < Kplep))? + e(t, to).

Accumulating all the terms it follows that 7%(¢)/m2(t) is UB and, using Assumption 3.4, we get that in an
interval I C [tg, 10+ T

tr+Tr =2
t -
/ 7”0 g <Cy+ K'y'Ty
tr
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for some constant K’ independent of the initial conditions.
Further, a similar property can be established for the term 7; under Assumption 3.6. For this, we make

use of the following intermediate result

o Lett;,7=1,2,... be an increasing sequence and for ¢,7" > 0 define k,{ such that ¢;, <t <t4+T <t,,.
Suppose that there exist constants C,T" > 0 such that [ — k& < C' V¢ > 0. Then, for any a > 0, there

exists a constant C” such that

N

D el < 05 YN >0

j=1
Proof:  Consider the intervals [ty — (A 4+ )Tty — AT, A =10,1,2...)A; A:ty — AT < 0. Then
each one of these intervals contains at most C' terms of the sequence and therefore

N A
Ze—a(tN—tj) < Cze—aAT < ' =C

j=1 A=0

1

oo

In view of the above statement, we may now use the properties of the normalizing signal and the fact that

zp/\/ms is UB, to write

N
M < e (B=do)(t=tn) Ze—(é—éo)(ﬁv—fi)[[( +e(t,to0)] ; tn <t
my(t) j=1
where N is the total number of discontinuities in [tg,?], and ¢ is a term due to the initial conditions in zp.
Hence, under Assumption 3.6, we have that 1;/,/ms is UB and integrating inside the intervals (¢;,%;41),
j=1,2,..., N we get

tr+7Tr 2 t
/ 10 4y < o KT
tr ma(t)

where K is a constant depending on the size of the jumps in the plant parameters and their derivatives but
independent of the initial conditions. It is now quite straightforward to verify the inequalities of the corollary,
working as in the previous cases. Notice that although it is not difficult to keep the various Cauchy constants
in the equations, resulting in sharper bounds, the inequalities tend to become rather messy. Moreover, the
bounds related to the perturbation part of the plant and the parameter discontinuities are quite conservative,
as they involve norms of —often sparse— perturbation matrices. And since the parameters p’, v are typically
expected to be very small, there is little intuition to be gained from such an approach. On the other hand, we
must keep track of the adaptation parameters which eventually affects the upper bounds of y, v and p’ for
the BIBO stability of the adaptive closed-loop system. And although the overall stability problem becomes
very complicated at the final stage of the analysis, these bounds reveal some design guidelines which may
be useful in various special cases. oo
Proof of Corollary 6.18:

Working as in Theorem 6.6 we first establish the existence and uniqueness of an absolutely continuous
4 satisfying the estimator ODE, at least in a subinterval of [ty,15 + T]. Next, consider the positive definite
function V = %(ZSTQJ; Then, for t € ({;,¢;11) and inside the subinterval where the solution exists

Veov- ST L gy (6.24)
== 2ma 207(7&9* H ’

where 1 = 15 + 7 + ns + ¢ Further, from the proof of Corollary 6.16 we have that for u’, v sufficiently small
so that ||zp|*/m2 is UB,

0’ (t) 2 2 2 260(t—t;)
SO(u,u )—i—RJe ol =t) 4 e(t, 1)
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inside the interval (¢;,¢;41). Integrating both sides of (6.24) inside (¢;,t;41) with the initial condition V(t;')

we obtaln
Premoti=t) L o (KT msione-t

K2 22 2

+0 (”*‘, 2R “) +e(t o)
v 'yo? o o

where 3 < min[e, 26y] is a positive constant. Observing that |V(t;’) V(@) <0 (K2%/7), it now follows

that for any constant A there exists 11 > 0 sufficiently small such that Vv € [0,14]

2 2
0 (A_J) T (A_J) ol < 4
o Y

Hence, for v sufficiently small, V' (¢;) is a bounded sequence from which the first part of the corollary follows
by extending the solutions to the whole interval [to, ¢ + T7.

Finally, properties (1) and (2) are obtained by following the same procedure as in the proof of Corollary
6.16. oo



