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Part I: Outline

e Descent Algorithms: Basic Properties

— The Typical Optimization Problem

— Background Material: Gradient, Hessians, Con-
vexity, Projections, Fixed Point Theorem

— Conditions for Local Minima
— Descent Directions and Convergence Theorems
— Line Search

— Steepest Descent, Newton and modifications
e Conjugate Direction Methods and variations

e Quasi-Newton Methods

The Typical Optimization Problem

min f(z)
subject to x € Q CR"

o f(z): R" — R; usually f € C! or C? (once or twice
continuously differentiable)
f (and, possibly, its derivatives) can be evaluated at
any given point.

o 2 : A set of constraints; e.g., g;(x) < 0, hj(zx) =0,
ij=1,2 ...

e ITterative Optimization: xpyq = Alxg]. A is an algo-
rithm such that
f(zy) = mingeq f(x)

(k) — x, £ argmingeq f(x) (possibly set-valued)
1 Fundamental Questions

e Convergence (local, global, region of attraction).

e Speed of convergence (in terms of xy or f(xy)); re-
quired number of iterations and computations.

e Robustness/sensitivity of solutions: How small per-
turbations in x affect the minimum value of f; how
small perturbations in f affect the minimizing x.

Remark: The first two questions are algorithm de-
pendent; the last is problem dependent. (Is the opti-
mization problem well-posed?)
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2 Typical Iterative Solutions

® T = Xk + ardy, where x is the current estimate
of the minimizer, d; is a “descent” direction and aj
is a scaling factor. The objective is to ensure that
f(zrs1) < f(xr) whenever xy is “is not a minimizer.”

Basic descent algorithms (steepest descent, Newton-
like, etc.) deal with the selection of a suitable descent
direction and step size to achieve this objective.

e Xii1 = A(X}), where X}, is the current estimate of a
set containing the minimizing x. The objective here
is to ensure that the “size” of X decreases whenever
it contains non-minimizing points. (This idea finds
applications in convex optimization.)

3 Some Applications
e Production/Manufacturing:

min f(z) s.t. 2 € Q

f: Cost, Q: Constraints (feasibility of solution)
e Approximation: Given pairs z;,¢9;, ¢t = 1,...,n find
parameters a = [a;]" so as to minimize

llgi = h(zi; )|

e.g., h(z,a) = apx™ + - - + ay,

h(x,a) = B/Az? + 1/Ax + A2,

A =ajexp(—a2/T), B = azexp(—a4/T)

e Projection Given a convex set M and a point y & M,
find a point x € M such that the distance |z — y| is
minimum.

Background Material

4 Gradient, Hessians

o CP: The space of functions with continuous derivatives
of order p.

e Gradient: For f € C*,

_Of(x) _ [0f(x) Of(x) of(x)
Vi) = dr | Oy Oz T Oz,

For vector valued f,

Vfi(z)
Vf(x) = :
V fm(2)

e Hessian: For f € C?,

0 f(x)
2 = F = =
V(@) = F@) = (V@) = | 550
Remark: For vector valued functions, the Hessian is a
“third-order tensor.” Most of the associated computa-
tions rely on the property: Given A € R™,
VAT f)(z) = ATV f(z) and

VAT N)(@) = ATF(2) = 3 AV filw)



5 Taylor’s Theorem
If f € C!, there exists € [0,1] s.t.

f(a2) = f(x1) + Vf(2o)(22 — 71)
If f € C?, there exists 6 € [0,1] s.t.

flx2) = f(z1) + Vf(@1)(22 —21)
+%(~T2 — 1) V2 f(xo)(z2 — 21)

where zg = 01 + (1 — 0)zs.

6 Convex Sets

o A set M C R"™ is convex if for every xi,x9 € M and
every real number 0 € [0,1], the point 01+ (1—0)axs € M.
The intersection of any collection of convex sets is convex.
7 Hyperplanes and Polytopes

e A Hyperplane in R™ is an (n-1)-dimensional linear va-
riety (translated subspace).

H={zcR":a'z=c}

a: a vector in R™; ¢: a real constant.

A Hyperplane divides R"™ into two half spaces:
H.={zeR":a'z>¢} and H.={zcR":a'z<c}

Hyperplanes and the corresponding half spaces are convex
sets.

e A polytope is an intersection of a finite number of closed
half spaces.

Polytopes are convex sets and can be described as

H={xeR": Az < b}

where A is a matrix, b is a vector and the inequality is
defined in terms of rows.

8 Ellipsoids

e Ellipsoids are sets described as

E={zcR":(x—a)"Plx—a) <1}

where P is a positive definite matrix (P = P' > 0) and
a is a vector (center or centroid). If P is positive semi-
definite (P > 0), E is a degenerate ellipsoid.

Ellipsoids are convex sets.

9 Some Examples

e Visualize the sets:

1. {z € R®: Az < b}, A =diag(1,1,1), b=(-1,1,2)

2. {x e R®: 2" Pz < 1}, P = diag(1,2,0).

e Describe the set {x € R? : |1 + 223] < 1} by an
ellipsoid.

e Describe the hyperplane in R? that passes through the
points (1,0,0), (0,1, 0),(0,0,2)

10 Separating and Supporting Hyperplanes

e Given a convex set M and a point y exterior to M (the
closure of M), there exists a hyperplane containing y and
containing M in one of its open half spaces.

Given M convex and y & M, there exists a such that
aTy <infyen alz.

If y is a boundary point of M then there exists a hyper-
plane containing y and containing M in one of its closed
half spaces.
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e Supporting Hyperplanes of a convex set M: A hyper-
plane containing M in one of its closed half spaces and
containing a boundary point of M.

11 Convex Functions

f defined on a convex set M is convex if, for every x1,z2 €
M and every 6 € [0, 1], there holds

flxo) < 0f (1) + (1 —0)f(x2)

where zg = 0z1 + (1 — 0)xs.

(Strictly convex: strict inequality with 6 € (0,1) and
x1 # x3. Concave if —f is convex.)

e Properties of Convex Functions

1. For a convex function f on M, the set
{x € M : f(x) < ¢} is convex for every real c.

2. For a convex function f € C' over a convex set M

f) = f@) 2V @)y —2); Ve,ye M
(the converse is also true)

3. For a convex function f € C? over a convex set M
(containing an interior point), the Hessian V2 f(z) is
positive semidefinite throughout M.

(the converse is also true)

4. Let f convex on the convex set M. The set I' C M
where f achieves its minimum is convex and any local
minimum of f is a global minimum.

If, in addition, f € C! and there is z, € M such that
forally € M, Vf(x.)(y—=z.) > 0, then x, is a global
minimum of f over M.

5. Let f convex on a bounded, closed, convex set M.
If f has a maximum over M, it is achieved at an
extreme point of M.

12 Example

Let f € C! be a convex function and consider the convex
set {x : f(x) < ¢}. A supporting hyperplane at a point
Zy ¢ f(xy) = ¢ is the tangent hyperplane

{z:Vf(z)z =V f(z.)z.}
For an ellipsoid {x : (x —a)" P(x — a) < 1}, we have
Vf(x)=2x—a)' P
Hence, a supporting hyperplane at the boundary point x,

is
{z:2(x. —a)' Pz =2(x, —a) Pz,}

Basic Properties of Solutions

13 Minima and Feasible directions

e 1, is a relative (local) minimum point of f over {2 if there
exists € > 0 such that for any |x — x| <€, f(z) > f(ay).
T, is a global minimum of f over  if for any =z € €,
f(x) = ().

(strict minimum for strict inequality and = # x.)



e Given x € ), a vector d is a feasible direction at x if
there is an a, > 0 such that z +ad € Q, for all a € [0, a.].
14 1st Order Necessary Conditions

o Let f € Cton Q. If z, is a local minimum of f over €,
then for any feasible direction d at ., we have

Vf(z.)d=0
e (Unconstrained case) if . is an interior point of {2, then
Vf(z.) =0

15 2nd Order Necessary Conditions

o Let f € C?on Q. If x, is a local minimum of f over Q,
then for any feasible direction d at z,, we have

L Vf(z.)d > 0;

2. If Vf(x,)d =0, then d"V?f(x,)d > 0.

e (Unconstrained case) if x, is an interior point of €, then
Vf(z«) =0 and V2 f(z.) > 0 (positive semi-definite).

16 Sufficient Conditions

e Let f € C? on ). Suppose that z, is an interior point
of Q and such that

1. Vf(z.) =0;

2. V2f(z4) > 0 (positive definite).

Then z, is a strict local minimum of f.

17 Example

o Let f(z) = 2% — 1022 — 22 + 1. Then

Vf(z) = 32% — 20z — 2; (roots at 6.76, —0.098)

V2f(z) =6z —20

Vf(6.76) > 0,V f(—0.098) > 0

100 f(x)=x"3-10x"2-2x+1

-100

-200
-300

f has a local min. at 6.76 and a local max. at -0.098

In the interval [0,10] f has a local max. at 0 and at 10
—Vf(0)d=2d>0,d >0,

-V f(10)d = —98d > 0,d < 0

In the interval [0,5] f has a local minimum at 5
Vf(5)d=-27d>0,d <0

18 Algorithms and Descent Functions

e A general setting to study properties of algorithms

e In a general framework, an Algorithm A is a point-to-set
mapping.

A typical iteration step is xp41 € A(z).

e Let T' be a “solution set” (e.g., where Vf(z) = 0). A
continuous real-valued function Z is a descent function
for T and A if

1. if x €T and y € A(x), then Z(y) < Z(x)

2. ifz €T and y € A(x), then Z(y) < Z(x)

(e.g., |[Vf(x)], or f(z) could serve as descent functions)
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e Closed Mapping: The assumptions

Loy —zeX, 2 yp—y, yp € Alwg)

imply y € A(z)

e For point-to-point mappings, continuity implies closed-
ness

19 Global Convergence

Let A be an algorithm on a set X, {z1}72, be a sequence
generated by xx4+1 € A(xy) and T be a solution set. Sup-
pose that

1. all points x; are contained in a compact set

2. there exists a descent function for v and A

3. A is closed at points outside I"

Then the limit of any convergent subsequence of {zy} is
a solution. If, in addition, I" consists of a single point z.,
then xp — 4.

20 Speed of Convergence

Here {r;} denotes a sequence of real numbers converging
to 7.

e Linear (geometric) Convergence:

% = 3 < 1. B is called the convergence

ratio. (|ry —7.| < ¢8%)
e Superlinear Convergence: 3 =0

N (e
e Convergence of order p: lim ——— < 0.

k—o0 |7'k — T*|p

21 Banach Fixed Point Theorem
e Determines when a fized point of f x. = f(z.) can be
found iteratively by xzxy1 = f(zk).
Provides only sufficient (but elegant) conditions
e Let S be a subset of a normed space X and let T be
amap S — S (ie., T(S) C S). Then T is a contraction
mapping if there is a p € [0,1) such that

limk_,oo

[T (1) = T(x2)|| < pllay — wall, Vi, x5 €S

o If T is a contraction on a closed subset S of a Ba-
nach (complete) space, there is a unique vector x, € S
satisfying x. = T(x«). Furthermore, x, can be obtained
iteratively by starting from an arbitrary point xg € S and
forming the sequence

I‘k_H:T({Ek), k:O,l,...

The convergence of the sequence is linear with ratio p.

e Remarks:

L p <sup,eq ||V (2)]|

2. The theorem is NOT valid with the weaker condition
[T (21) = T(@2)|| < [lor — 22

3. Other (weaker) local versions do exist

22 BFP Example

Classical applications of the Banach fixed point theo-
rem include the solution of linear and nonlinear algebraic
equations, integral and differential equations (Picard’s it-
erations).

One such example is the solution of f(z) = 0 using New-
ton’s method. In particular, consider the problem of com-
puting the square root of a positive real number, i.e., find
rst 22 —a=0.

e Formulation

Rewrite the equation as z — ©/2 = a/(2z) or z = (v +
a/x)

(Motivation: Newton’s method

Tpgr = — [V f(xr)] 7 f ()



That is, T(x) = 3(z + a/z) and VT'(z) = 3(1 — a/2?)
e Analysis
Contraction Constant: |VT'(z)| < 1 in [\/a/2, 0)
Define S = [y/a/2,00) (S° open = S closed)
Then T(S) C S

O7T(x) > \/a/2:2*+a*> >0
e Result
T satisfies the fixed point theorem; hence starting with
xo € S, the sequence xyy1; = T(xy) converges to . at
least as fast as 0.5F.
e Remarks
1. Newton’s algorithm guarantees the existence of a suffi-
ciently small S around simple solutions. For this particu-
lar example, any positive xg yields x; € S. The algorithm
converges for any xy > 0 This “nice” behavior is not typ-
ical for the standard Newton algorithm.
2. Convergence is, in fact, of order 2.
As a numerical example, let’s use the algorithm to com-
pute
V20 = 4.47213595499958

MATLAB Commands
x=1
x=(x+20/x)/2

x0 =1

x1= 10.50000000000000
x2 = 6.20238095238095
x3 = 4.71347454528837
x4 = 4.47831444547438
x5 = 4.47214021706570
x6 = 4.47213595500161
X7 = 4.47213595499958
x8 = 4.47213595499958

Optimization in Vector Spaces

e A special but very important class of problems is: given
a subspace M and a point x, to find m, € M minimizing
the distance ||z — m]|.

e A general solution can be obtained iteratively by con-
vex optimization. However, when the distance is induced
by an inner product, the solution can be explicitly charac-
terized by means of orthogonality and alignment concepts
and computed using projection operators.

e The associated theory is very rich and powerful, appli-
cable to very general settings of vector spaces. Typical ex-
amples include minimum norm and least squares problems
in R™, general approximation theory (e.g., Fourier), opti-
mal control and estimation problems (in function spaces),
system identification and more.

e Here, we summarize some of the basic results, aiming to
gain working knowledge for the simple cases and some in-
tuition about the more general ones (these require a more
extensive background on real and functional analysis).
23 The Classical Projection Theorem

Let X be a Hilbert space and M a closed subspace of
X. Corresponding to any vector x € X there is a unique
vector m, € M such that ||z — m.| < ||z —m], for all
m € M. Furthermore, m, € M is the unique minimizer
if and only if © — m, is orthogonal to M.

e The minimizer is computed by means of a projection
operator (Ppq : X +— M). The condition x —m, € M+,
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means that m, = Pa(x). Let us use this to derive the
solution to two classical optimization problems.
Notation:

AT: the transpose of A (in general, the adjoint)

(z|y): inner product

X1 the orthogonal complement of X:

{y: (zly) = 0,%z € X}

R(A),N(A): the range and null spaces of A, respectively

CPT Examples

24 Least Squares

Find x such that || Az — b|| is minimum.

e Setting y = Az, M = R(A), we want to minimize
ly = b|l, st. y € M. From the CPT, the minimizer is
such that

y—be[RA)F =N(AT), ie.,

ATy=ATAz=ATb

These are the celebrated Normal Equations. Any solution
of them is a solution of our LS minimization problem. If
AT A is invertible then a simple formula for x, is

2, = (ATA)TATD

Alternatively,

if ATA is invertible, Pray = A(ATA)"TAT.  Since
PR(A) (y—»>b) =y — PR(A)(b) the optimal y is 'PR(A)(b).
That is, Az, = A#ATA)_lATb. By the CPT, the obvious
solution z, = (AT A)"1ATb is also unique.

25 Minimum Norm

Find the minimum norm z subject to Az = b.

Let z, be a solution, i.e., Az, = b. Define T = = — xz,.
Then the MN problem becomes

min ||z + z,||
ZeN(A)

Assuming that R(A) is closed and AAT is invertible,
we have that the optimizing & should satisfy z, 4+ z, €
IN(A)]t = R(AT) Hence, there exists z such that
v+ 2o = x. = ATz Since Az, = b, we have that
A(Zs + 7,) = b = AATz and therefore z = (AAT)~1b.
Thus,

z.=AT(AAT)" D

Alternatively, since #. € N'(A),
Prr(ay(@« + o) = &u + Paray(zo) =0

Therefore, x. = (I — Para))(®o) = Piaay: (o) =
PraTy(r,) The last projection has the form

Praty=A"(AAT)'A

Hence, v, = AT(AAT)"'Ax,. While z, is unspecified,
Az, = b, yielding v, = AT(AAT)"1p

e Remark: Modulo technicalities, all of the above trans-
late to very general settings. For example, in the problem
of finding the minimum norm input transferring the state
of a linear dynamical system (& = Fa 4+ Gu) to zero, A is
a convolution operator (A : Ly — R™), whose adjoint is a



multiplier, yielding the well-known controllability Gram-
mian as AAT.

26 Summary of Projections

e m, € M minimizes ||z —m||,m € M iff z — m, € M*.
e LS Solution for A 1-1: z, = (ATA)"1ATb

e MN Solution for A onto: z, = AT(AAT)"'b

e General LS solution(s): (AT A)zrs=A"b

e A l-1: Pra = A(ATA)flAT

e A onto: PR(AT) = AT(AAT)ilA

e Orthogonal Projections: P = P2, P =P,
Pyi=1—Px !

* Pivay+ = Prear)

27 Example 1: Function Approximation

Let b(t) = t, gi(t) = 1, go(t) = {—1ift < 0.5, 1if t >
0.5}, t € [0,1]. Find y(t) = Z?Zl z;9;(t) minimizing

ly — ol® é/0 ly(t) — b(t)|? dt

e Formulation
L4([0,1]): square-integrable, real functions on [0,1]. It is
a Hilbert space with inner product and norm:

1
Ol = [ s bl = o2
Define the operator A : R? — Lo by Az = Z?Zl 29 (t).
Our problem translates into
in ||Az —b
min [ Az — b
e Solution

After verifying that the CPT conditions hold (not triv-
ial!), the solution is found as

(ATA)z, =ATb or z,=(ATA)'ATD

All that is left is to compute the operator AT : Ly — R?2.
e Computations

Here, for notational simplicity, we used AT to denote the
adjoint operator of A (usual symbol: A*), defined by

(2|Az)p, = (AT z|2)R2, V2,

Letting z € LQ, |A£E f legz = Z

(AT z|x). Hence,

AT, = [ (2[g1) } c R2

ri(2]g:) =

_ (91191) (g2191) ‘R2  R2?
ATA= { (91192)  (92192) ] (R — R

Computatlon of the various entries of AT A and ATb
(g1lg1) = f, (1

IThis is useful when projecting a vector in R™ on an (n — 1)-
dimensional subspace: Instead of considering the subspace as the
range of an (n — 1)-rank matrix (that would require the inversion of
the (n — 1) x (n — 1) AT A matrix) we think of it as the orthogonal
complement of its normal vector, i.e., all  : n' z = 0. In this case,
Px =1— P, =1—nn"/(n"n), requiring only a scalar division.
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(91192) = (g2lg1) = > (=1)(1) + [ ,(1)(1) =0

(9292) = 05( (=1 + [, (1)(1) =1
(blg1) = fo ) =0.5

0 5
(blg2) = [y (¢t ) )+ [1.(t)(1) = 0.25
Substltutlon into the normal equatlons.

1 0] [o5
0 1|%7 1025
e ['inal Result

y(t) = 0.5+ 0.25g2(t)

(a staircase or piecewise constant approximation)

28 Example 2: LS Data Fit

Given N pairs (x;,y;) find a line § = ax + b yielding
minimum sum of square errors, i.e. ||Az —yl|,z = [a,b] "
In an expanded form, we want to solve, in a LS sense,

Eui
EE

The normal equations now become

e

Analytical inversion of the 2 x 2 matrix yields

IR e IS

a solution that can easily be implemented in a recursive

form in a small calculator, using five storage locations.
29 Example 3: Minimum distance of a hyper-
plane from the origin

e Find the minimum distance of the hyperplane passing

through (1,0,0), (0,1,0), (0,0,1) from the origin.

e Formulation

Evaluating the hyperplane equation a 'z = ¢ at the given

points, we find the following relations for a and c:

T

a; =ag =a3 ==¢
Normalizing ¢ = 1, our hyperplane is described by
{zeR>:a'z=1}, o' =(1,1,1)

Note: a is the normal vector to the hyperplane.
Thus, our problem becomes

min ||z]|, st.a'z=1

z€RS3

e Solution
Using the MN formula, the minimizing z is

1/3
z,=ala"a)" (1) =| 1/3
1/3
whose norm is ||z.|| = 1/v/3. This is the minimum dis-

tance of our hyperplane from the origin.



(The same result is obtained from elementary Euclidean
geometry.)

Basic Descent Methods: Line Search

® Tpy1 = T + apdy, di is a descent direction (e.g., —V f)
e aj, computed by Line Search

ap = argrglzigf(xk + ady,)

30 Fibbonacci and Golden Section Search

e Suppose f is unimodal in [Zmin, Tmaz] (one minimum).
Fibonacci: Select N successive measurements to deter-
mine the smallest region where the minimum must lie.
Golden Section: Fibonacci with N — oo.
Generate 4  points  xy,...,74 and
f(xl)v s ,f(.’['4)

If f(z1) > f(a2) > f(x3) then exclude [z1, z2)
If f(xq) > f(x3) > f(xs) then exclude (x3,x4]
else the function not unimodal

In the reduced interval, generate one new point preserving
the symmetry properties of the initial four points.

evaluate

T1 = Tmin, T4 = Tmax

$2:$1+T(I‘4—I‘1) ; {E3:£L'1+(1—T)(£E4—LE1)

Exclude [x1,x2): X1 « 2,29 «— T3,T4 — T4,T3 — T1 +

T({E4 —:El)
Exclude (x3,x4]: x4 «— 3,23 «— Ta,21 «— T1,23 «— T4 —
T(zg — 21)

31 Golden Section Example
e Minimize f(z) = 23 —102? — 22+ 1, z € [0, 10] (Ex. 17)

[amin,index,xs]=linsea(’funi’,0,10)

plot xs
Golden Section Minimization
20
0
-20
-40
xo
5 3
g 60
2
H 80
3
= -100
-120
-140
-160
-180
0 1 2 3 4 5 6 7 8 9 10
X
32 Newton

e Taylor expansion around xy

F() = PV f ) i)+ 5V F () o+ HO.T.

Determine xy41 so that it is the desired solution if the
H.O.T. are ignored.
O Minimize f approximated by its first 3 Taylor terms

KST 95

O Solve g(x) 2 Vi(x) = 0.
V2f(zp)(x — k) + HO.T.)

(Vf(z) = Vf(xr) +

iy = o — (k)

L =ap — =

i V2 f (k)

e Newton’s method for solving g(z) =0

For g € C%, x. : g(z.) = 0,Vg(z.) # 0 (simple root),
Newton’s iteration converges locally to x, with order 2.

e Remark: Local convergence: g sufficiently close to x,.

e Analysis

Using the fixed point theorem with 7'(z) = x — vﬁ@)

g9(x)V?g(x)
[Vg(x)]?

To show that T is a contraction in S = {z : | — z,| < €}
note that

~ Vy(z)

VT(z)=1 Vo(0)

2
sup |VT ()| < S2Pres 9(@)$UPses [V7g(2)]

<p<l1
i inf,es [Vo(x)? =7

for sufficiently small €(p). (V2g(z) bounded in S and, by
continuity, 1/Vg(x) bounded in S, g(z) < O(e) in S)
T(S)CS:

In S, 0= g(x.) = g(x) + Vg(x) (2. — ) + O(x — x,)%
Hence,

O(m), — 24)?
Vy(zk)

V() (@ — ai)
Vg(zk)

(Thr1—24) = (T —2:) +

|[2pr1 — 24| < CO(x — x*)2 <003 < e

for suff. small €; hence z, € S = 241 € S.

33 Newton Example

e Minimize f(z) =23 — 1022 — 2z + 1 (Ex. 17)
e Solve g(x) =V f(x) =0

[amin,xs]=newtmn(’fun2’,5)

plot xs
The derivative of f(x) Newton Progress for x0 in [0,10]
100 v
80 200
60 !
20F !
40
=] 3
% ! 10
20
ok
0
-20 -0
40 20
0 5 10 0 5 10
X Iteration No.

34 False Position
Newton with approximate derivative:
V2 f(zp) = Vi@ )=Vi(ws1)

Th—Th—1
Local convergence (like Newton) with order 1.618 (golden
mean)



35 Polynomial Fit

e Cubic fit of f and Vf at xy, xp_1. Local convergence
of order 2

e Quadratic fit of f at xy, xx_1, xx_2. Local convergence
of order 1.3

O Polynomial fit methods are usually preferred since

they can be implemented in a relatively efficient and re-
liable way. Newton’s method, on the other hand may ex-
hibit unreliability problems, especially if it is implemented
without constraints.

36 Stopping Criteria

Line search is only a part of a minimization algorithm.
Convergence to the exact minimizer a, of ¢(a) = f(xy +
ady) should not be required. Stopping criteria should
ensure that “adequate” convergence has been achieved.
e ¢ should not be too large or too small. This idea can be
justified by examining the expansion of ¢(a) around 0,

B(a) = 6(0) + Y (wi)ady + 5a*d 9 f

Since Vf(xy)dr <0, ¢(a) — #(0) < 0 for a satisfying

O0<a< M

dy sup V2 f|

e Percentage test: |a—a.| < ca., ¢ >~ 0.1 or less. Requires
an a priori estimate of a/a,. Suitable for algorithms that
produce intervals containing the minimizer.

e Armijo: n =2 or 10, e = 0.2

#(a) < ¢(0) + e(V f(xr)dr)a, a not too large
¢(na) > ¢(0) + e(V f(x)dr)na, a not too small

(sometimes used as a search technique)
e Goldstein: Like Armijo’s (e € (0,1/2)) except

od(a) > ¢(0) + (1 — €)(Vf(xr)dr)a, a not too small
e Wolfe: Like Armijo’s (e € (0,1/2)) except
(Vf(zg)dr)a > (1 —€)(Vf(xg)dr), a not too small

e Remarks:

O The “cost” of evaluating functions or function deriva-
tives is an important factor. A natural trade-off exists
between spending time in objective optimization versus
line searches. Sometimes an algorithm is applied without
line searches by using a conservative rule to choose the
step size (e.g., adaptive estimation).

O Closedness of the line search is important the theo-
retical analysis of algorithms.

Basic Descent Methods: Steepest Descent

37 The Steepest Descent Method
e Select g, = —V f(z;)" as a descent direction and com-
pute xx4+1 by

Thyl = Tk — kgL , Ok = arg m;gf(xk — agy)
az

e Global convergence to the solution set = : V f(z) = 0.
(via the Global Convergence theorem and the closedness
of the line search algorithm)
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e Linear Convergence near the minimizer with rate

/\mam_/\min 2_ r—1 ? . _)\mam
<>‘maw+>‘mzn> _<T+1> 7 " Amin
where \az, Amin are the maximum and minimum eigen-
values of the Hessian V2 f(x.) and r is its condition num-

ber.

(Convergence may be very poor for badly conditioned
problems)

38 Steepest Descent: Quadratic case

o f(x) = %xTQx —2'b, @ = Q" > 0. From the 2nd
order sufficient conditions the minimizer is z, = Q~'b.

e Define the error functional E(z) = 4 (z—2.) " Q(z—z.).
(Note that E(z) = f(z) + s2] Qz..)

e Gradient of f and E: Vf(r) = 2'Q — b". Hessian:
V3 f(z) = Q.

e Steepest Descent: g, = Vf(zx)", Zpr1 = T — arge

ar = argmin,>o f(xx—agy) can be found explicitly: ay =

9n
g, Qq
e Analysis

O E(zy) is decreasing:

(9;%)2
9r Qargl Q' qi

O Kantorovich inequality: (Q positive definite)

E(xk+1 =|1- E(xk)

(ITI)Q 4)\min)\mam
xTQxxTQ_lx - ()\mzn + )\mam)2

where A\in, Amaz are the minimum and maximum eigen-
values of Q).

Combining the above expressions we arrive at the desired
result.

e Nonquadratic case analysis: Quadratic (Taylor) approx-
imation of f, locally around x..

e Scaling: = Ty; then V3 f(Ty) =TTV f(x)T.

2
Y1 = Yk — 0T gr = Tpp1 = T — a1 g

O7T = (/V2f(x))~! attempts to change the coordi-
nates so that the surfaces £ = const. look like spheres.
Other scaling factors that yield approximately the same
effect may also produce considerable speedup.

e Coordinate Descent: Perform a line search with re-
spect to one coordinate only. E.g.:

O Cyclic: 1, ... Ty, T1y .oy Ty e e e

0O Gauss-Southwell: largest in absolute value compo-
nent of Vf
These are simple algorithms, especially useful for “man-
ual” optimization.

Basic Descent Methods: Examples

e Minimize f(z) = 2% + 25 — 5x122 — 2571 — 812

The minimum of this function occurs at (20,3) where the
condition Number of Hessian ~ 61.

39 Steepest Descent



O From the previous analysis we expect that the Steep-
est Descent should converge near the optimum as 0.967"
(relatively slow).

O The MATLAB function stdes solves this problem us-
ing either Newton or Golden Section line search.

O Letting (0,0) be our starting point the Steepest De-
scent converges in 31 steps (default tolerance).

[x,niter,xs]=stdes([0;0]);
plot(xs(:,1),xs(:,2),7+’)

O The results are shown in the figure below where the
steepest descent progress is plotted together with the level
curves of f. (Note that the coordinates are not Cartesian).

O Observe the “zig-zag”’ pattern near the minimum,
caused by the long valleys in the function level curves
and indicated by the condition number of the Hessian.
(Condition numbers can get much worse too!)

Contours of x"2-5xy+y"4-25x-8y & Steepest Descent progress

541

50 100 150 200
X*5+1

Basic Descent Methods: Newton’s Method

40 Newton’s Method
Approximate f by its truncated Taylor series around zy,

1
@) = flax) + Vfax) + 5@ = 2x) TV f i) (@ = )
Choose z+1 so as to minimize the right-hand side

T = — [V2f ()] 7V f ()T

(Local convergence by the Fixed Point Theorem; in fact
the order of convergence is two; f € C3,V2f(z.) > 0)
41 Variations of Newton’s Method

e A General Class of Algorithms:

Tpe1 = ok — apSegr 5 (g = V(zr) ")

e —Skgi is a descent direction for Sy = S,;r >0

e qj, from line search, minimizing f(zr — aSkgx)

e S;. = I: Steepest Descent

o S = [V2f(xr)]™!: avoids some of the problems due
to H.O.T. but can fail when the Hessian is not positive
definite (local convergence)

o S = lex + V2f(x)]™ ' € is the smallest positive
constant making [ex] + V2f(xy)] positive definite with
minimum eigenvalue 6. This algorithm achieves global
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convergence and Newton-type scaling if V2f(zy) is “suf-
ficiently p.d.” and partial scaling if not. (If €x 4 0, the
convergence is linear, at least as good as steepest descent.)
O ¢ = 6 — mineig(V2f(zy)) is an easy selection.
The computation of eigenvalues can be avoided through
Cholesky factorization (V2f(x;) = GGT) and recursive
definition of ¢ (Levenberg-Marquardt).
e S; recursively updated through gradient information
(see quasi-Newton methods).

Basic Descent Methods: Examples

42 Scaled Steepest Descent Example
To improve the convergence rate we can define the diag-
onal scaling factor x = T'y where

o 10
=2, z(2)% +0.01

O Steepest Descent with scaling yields convergence in
11 steps.

[x,niter,xs]=gnewt([0;0], 3);
plot(xs(:,1),xs(:,2),’+)

43 Newton-type Algorithms Example

0O While the unmodified Newton method fails to con-
verge (the Hessian at (0,0) is indefinite), a Levenberg-
Marquardt-type converges in 5 steps.

[x,niter,xs]=gnewt ([0;0], 2);
plot(xs(:,1),xs(:,2),’+?)

O The results are shown in the figure below where the
progress of the various algorithms is plotted together with
the level curves of f.

O Observe the reduction of the “zig-zag’ pattern near
the minimum, achieved by using some information about
the Hessian.

Minimization Progress (S-D,scaled S-D,Lev-Mar.)

y*5+1

200
X*5+1

Conjugate Direction Methods

Attempting to accelerate the slow convergence of Steepest
Descent Methods but without resorting in “expensive”
Hessian evaluations and inversions.



Most of the development is performed for quadratic func-
tions

fa)= 52T Qe—bTe, @=QT >0

but the results can be extended for general functions via
Taylor approximations.

44 Conjugate Directions in the Quadratic Case
e (Q-orthogonal (conjugate) vectors: d; Qd; = 0.

e n Q-orthogonal vectors form a basis in R"™.

e A @Q-orthogonal basis provides a natural expansion for
the minimizer x, = Q~'b.

didb
"= TG

i

Vi(xe)de
d) Qdy
where {d} are Q-orthogonal; convergence in n steps.

O Precise movement in each direction. xj; minimizes
f(x) on the whole variety xg 4+ span(dy,...,dx—1). The
k-th gradient is orthogonal to all previous directions.

45 Conjugate Gradient Method

e Idea: Start with Vf as a direction and perform a line
search; extract previous component from the new gradient
(in @-orthogonal coordinates) and continue.

e C-G Algorithm: Let g € R", dy = —go = —Qxo +0,
and repeat the sequence:

e Conjugate Direction Algorithm: xi11 = xp—dy

9y di
ar = *d;Qdk; Tpt1 = T + apdy,
ghr1 = [Vf(@rr1)]" = Qupyr —b
Ik+1Qdy,
Pl g = d
Br T 0d, 1 k1 + Brdi;

e Optimality of the C-G algorithm in the reduction of the
error functional E(z41) = 3 (k1 — 24) ' Q(@ht1 — 24)
over all algorithms of the form zr11 = xx + Px(Q)go,
where Py is a polynomial of degree k.
(Note: Cayley-Hamilton: Q=1 = P.(Q), degP, <n — 1.)
e Partial C-G Methods: Restart every m steps. Applica-
tions in cases where @ has clustered eigenvalues (e.g., as
they appear in penalty function augmentation) and the
general nonlinear case.

O Suppose @ > 0 has n — m eigenvalues in [a,b] and
the remaining in (b, 00). Then the C-G method, restarted
every m + 1 steps yields

b—a
b+a

Blanan) < ( )2E<xk>

where x4 is found from zp by taking m 4+ 1 C-G steps.
O C-G Algorithm for nonquadratic problems:

Given g, compute go = [V f(20)] ", do = —go.
T
i dk
N | R N — d
" AVl T
g1 = [Vf(res1)]"
If k<n-1
g1 V2 f(xr)dy
Br AT Flon)dy | 1T Tk + Brd
else

xo — Tp, do— (—gn), and repeat
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e Remarks:

O Restarts are preferred over continuous application of
C-G.

O Still requires V2 f () and is only locally convergent
e Important Variants: Use line search to find a; and
alternative formulae to compute 8y (all equivalent in the
quadratic case).

.

Ir4+19k+1

1. Fletcher-Reeves: (3, = %
ok

2. Polak-Ribiere: 8 — (@1=96) grsn

gl 9k
O Global Convergence using spacer steps arguments
O Order 2 convergence with respect to restarts (n C-G
steps = 1 Newton step)
e Parallel Tangents (PARTAN) Algorithm:

xo — x1 (S-D)
x1 — y1 (S-D)

xo,y1 — a2 (Line search)
s — yz (S-D)

z1,y2 — x3 (Line search)

(Restart after n steps)
O Not very sensitive on line minimization, in contrast
to other C-G methods.

O Simple implementation.

Conjugate Gradient Methods: Examples

46 C-G Methods (P-R, F-R)
For our example, both the P-R and F-R versions of Con-
jugate Gradient converged in 6 steps. (Sensitivity to line
search accuracy.)
[x,niter,xs]=congr([0;0] [,m,method]);

O Select method = 0 (P-R) or 1 (F-R).
Steps to restart m (0=default); n or n + 1 are common
choices for non-partial methods.

C-G minimization progress (P-R,F-R)

X2*5+1

200
x1*5+1

47 PARTAN Example
e The PARTAN algorithm also yields good convergence
rates for the same simple example.



[x,niter,xsgl=partan([0;0], -1); % S-D
[x,niter,xs]=partan([0;0]);
plot(xsg(:,1),xsg(:,2),7:7,xs(:,1),xs(:,2),7+7)

C-G minimization progress (PARTAN)

X2*5+1

10+

50 100 150 200
X1*5+1

Quasi-Newton Methods

e Attempting to build up an approximation to the inverse
Hessian
Tha1 = T — apSE[V f(z)]

O S should be positive definite to ensure that Sy V f,
is a descent direction.

O Observation: For quadratic problems the minimizing
ay is

95 Skgk
U = —F o —
9 SkQSk gk

Convergence ratio depends on the conditioning number of
Sr@.
O If the eigenvalues of S;@Q approach 1, we expect good
linear or, even, superlinear convergence.
Notation:
O gr = Vf(xr)"
U gk = gk+1 — 9k
U pr = Tpr1 — Tk
O F. = V> f(xx)
48 Construction of the Inverse: Basic Ideas
e Taylor expansion of V f to first order:

V(are) T = V()" + V2 () (@p — o)
Assuming that the Hessian is (approximately) constant,
qk+1 = Fpg

Then n linearly independent pg’s (gx’s) would allow the
construction of F (F~1).
Consider a recursion of the form (rank one correction)
_ T
Sk+1 =S, + Q2L 2y,
Construction of the inverse: some algebra
We want to find ag, zx such that Sk11q¢; =pi, @ < k

Pk = Skt1qk = Sk + arzi2

2Symmetric matrices can be diagonalized via a unitary similarity
transformation (ZT = Z71) S=ZTAZ = > Niziz]

KST 95

1. Construct akzkz,;r: Pr — Skqr = akzkz,jqk =

(pr: — Skar) (pr — Skar) " = apzi (24 arag z1)z )
P — Skar) (P — Skar) "
akzkz,;r = ( )g— B )
ar(zy, qr)

2. Compute ay(z, gr)* Premultiply with g

ar (o — Skar) = ar(z) i)’
Thus,
(pr — Skar) (Pk — Skar) "
a; (pk — Skar)

O Remark: Clever but cannot ensure Sy > 0.
49 Davidon-Fletcher-Powell Method
e Rank two correction:

Sk+1 - Sk +

T T
DD Skqrq;, Sk

Spg1 = Spp + =2 — =k
Dy Gk 45 Skar

O Movement in F-conjugate directions (exact for

quadratic functions). Relies on line search to show
T —
P gk+1 = 0.

0O S > 0 = Skr1 > 0 provided that p) gx > 0. The
latter can be guaranteed with a sufficiently accurate line
search.

50 Broyden-Fletcher-Goldfarb-Shanno Method
e Use similar ideas to develop an update for the Hessian
itself instead of its inverse.

k4, Brprpg Br
anpr Pl SkPk

Bjy1 =B +

O Translate the result to an inverse Hessian update 3

1+ qkTSqu> PEPR Prdy Sk + Skqipy

Sk+1 = Sk + (
a4y Pk PR Qi @ pr

Quasi-Newton Methods: The Broyden Family

e A collection of update laws combining DFP and BFGS
methods:

S¢ — (1 _ ¢)SDFP + ¢SBFGS
After a lot of algebra,
s B Skarqy Sk

PRk a7 Skar

DFP
Sk+1

_ [T Pk Skak
Ok = \/ Gk Sk <pzqk - q,j&:%)

O Differences among methods are important only with
inaccurate line search.

+¢Ukvlj

Slfﬂ = Sk +

3A useful identity: (A +ab’) = A7 — (A~ tabT A~1)/(1 +
bT A~la) (Matrix Inversion Lemma, or Sherman-Morrison formula).
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O ¢ > 0 to ensure Sy, > 0.

O BFGS (¢ ~ 1) is generally a preferred method

O Partial updates (with restarts every m < n steps),
to alleviate storage requirements for large problems (save

Dk, Qi only).

Self-Scaling Quasi-Newton Methods

e With partially updated Broyden methods, progress
within a cycle may not be uniform; sensitivity to scaling.
O E.g., Consider a quadratic function where F has large
eigenvalues. Starting a Broyden method with Sy = I,
after m steps S, F' will have m eigenvalues ~ 1 and the
rest will be large. Hence, the condition number of S, F’
will be large and the convergence of the partial Broyden
method will be poor, even worse than steepest descent.

e To alleviate this problem, S} can be rescaled at every
step so as to ensure that the interval of eigenvalues of Si F’
contains 1.

51 A Self-Scaling Quasi-Newton Family

e With ¢ € [0,1] and vy, as before, select

.
Pip

+ ¢vwl> o + ok
P 4k

Skaray Sk

S =[S, —
bt <k @ Skar

where 7, > 0. A suitable choice is:

= i
4 Skar

O Sg > 0= Skt > 0 provided that p;qk > 0.

O F-orthogonality (conjugate behavior) is preserved,
but S, # F~L.
52 Other Quasi-Newton Variants
e Memoryless: Reset S, = I after each step. (BFGS
C-G/P-R)
e Steepest Descent + Newton: Use Newton to minimize
f on a linear variety (xj + Bug) where V2 is easily com-
puted and then apply a steepest descent step.

Quasi-Newton Methods: Examples

53 Broyden Family Example

For our example, (with high-accuracy line search) both
the BFGS and DFP algorithms converged in 6 steps, with
or without scaling. (Very low tolerance may cause finite
arithmetic-related problems near the end of the search.)

[x,niter,xs]=broyden([0;0]

O Select Steps to restart m (0=default). method = 0
(DFP) or 1 (BFGS); scaling = 0 (no) or 1 (yes).
54 A Classical “Nasty” Example

O Minimize the Rosenbrock’s function,

f(z) = 100(zy — 22) + (1 — x1)?
starting with « = [—1.9; 2].
This is one of the classical benchmark optimization prob-

lems. The function contours not only contain a narrow
valley (check V2 £ at the minimum [1;1]) but the valley is
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[,m,method,scaling]);

CG and Broyden family (DFP,BFGS,SS) convergence

x2

x1

also “warped” as we move away from the minimum. This
picture can be generated using the CONTOUR function
of MATLAB:

[xt,yt]=meshdom(-3:0.2:3,-3:0.2:3);
z=100*(yt-xt."2) .7 2+(1-xt)."2;
contour(z, [5,20,])

You may try the various algorithms on this example by
setting

index=2;

in the functions ¢t fun and invhess. Remember to hold
the contours if you want to see the optimization progress
against the contour plot. Also, to plot the optimization
sequence in the same coordinates as the contours, use

plot((xs(:,1)+3)*5+1,(xs(:,2)+3)*5+1,°+7)

Note that the sequential optimization converges quickly
to the valley, where Hessian information is essential to
avoid slow convergence.
55 A Least Squares Fit Example
e Here we are faced with a standard parameter estima-
tion problem: Given “input-output” measurements of a
process, find a model that describes it.
e Common approach: Begin by assuming a certain model
structure, parametrized by an adjustable parameter vec-
tor (a.k.a. DOF), and then estimate these parameters so
that the predicted input-output pairs agree (as much as
possible) with the actual measurements.
e There are several important theoretical issues associated
with this approach.

0O Sufficient Degrees of Freedom, Parsimony, Excitation

O Type of Approximation

O Measurement Noise/modeling error properties

O Interpolation/Extrapolation error properties
Without getting too deep in the details, let us work on a
practical example.
56 Silicon Oxidation Model Identification
e A simplifed model for the silicon oxidation process is
(Deal-Grove)

B

DY + A
where z(t) is the oxide thickness as a function of time.
Assuming z(0) = 0, the solution of the diff.eqn. is

22(t)  Az(t)

t="L =
B B
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A, B are (Arrhenius-type) functions of the processing
temperature 7" with nominal expressions

A =3500e 73T B =3.0E11e2°000/T
Thus, a model for the oxidation process, under constant
temperature can be written as f(x,6) = 0, where

6 6.
f(z,0) = x2e O 4 ppe T — 1y
and x1 =t, x2 = z, x3 = T. The nominal value of 0 is
0, = [26.427, 25, 18.2665,19.7] "

e We are asked to find the model parameters, given several
input-output measurements (¢, z,T) produced, for exam-
ple, by a sequence of batch experiments.

e In an ideal setting where f(x(k),60.) = 0, for all k,
this problem can be formulated as a solution of a set of
nonlinear equations f(x(k),0) = 0.

e Basic questions: uniqueness of the solution and its
smooth dependence on the measurements. An affirma-
tive answer is guaranteed when the vectors Vy f(x(k), 0.)
are linearly independent. *

e In a more realistic situation where the measurements
are “noisy,” we expect that the ideal model satisfies
f(z(k),0s) ~ 0 in some sense. A “reasonable” modeling
objective is to find 6 so as to minimize an error functional

of the form E(0) = ||{f(z(k), )}k, e-g.,

0)=> If(z(k).0)
k

e The gradient and Hessian of F(¢) are computed as fol-
lows:

VoE(0 72Zf 0)Vo f(x(k),0)
ViE(©9) 2% [Vof(x(k),0)] Vo f(a(k),0)...
k
+2) f(@ Vi f(x(k),0)
k

e Checking the sufficient conditions for a minimum at 6.,
we observe that in the ideal case, VyE(6,) = 0 and

VoE(6,) = 22 Vo f((k),0.)] Vo f(w(k),0.)

The latter is a sum of rank-one matrices that is guaran-
teed to be positive definite under the condition that the
gradients Vg f(x(k),0,) are linearly independent. Conti-
nuity also implies that for sufficiently low noise levels (n),
the positive definiteness will be preserved in the non-ideal
case (note that the minimizer may also be biased by O(n)
in the noisy case).

4This question is addressed by the implicit function theorem; al-
ternatively, the Jacobian of f(z(k), 0+) has null space {0} or, simply,
it is invertible when the number of measurements equals the number
of parameters.
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e Implications on the selection of experimental measure-
ments:

_ b4
| et |

i.e., must have measurements at different temperatures.
(reasonable!)

This agrees with the intuitive concept that sufficient in-
formation (independent measurements) must be collected
in order to solve for the parameters (parsimony, persistent
excitation in recursive identifiers)

o It is now a straightforward task to apply our minimiza-
tion algorithms to solve this problem.

th0=[20;20;20;20];
[th,n,ths,es]=sgnewt (thO0) ;
[th,n,ths,es]=sbroyden(th0) ;

e Noise-Free Case Observations:

O The Hessian is very ill-conditioned and becomes in-
definite quickly as we move away from the solution.

O Newton’s method (L-M) requires about 15 iterations
for convergence. Scaled Broyden-type algorithms require
very low tolerance (1.e-8) to converge near the minimizer
in 500 or more steps. However, essential convergence to
“low functional error” values is achieved much faster.

O Newton’s progress towards the minimum is consider-
ably more “violent” than C-G and Broyden.

Newton (L-M) progress; noise free
60

551
50+

45|

35+

parameters
function value
2
o
2

301

15

10 feme! 101
0 5 10 15 20 0 5 10 15

iteration iteration

e Noisy Case Observations:

O For noisy measurements,
data(0.05) in tot fun.

O The noise introduces bias in the solution.
(V3E(0.) # 0)

O Newton’s (L-M) algorithm converges in 8 steps, while
34 steps are required for the BFGS and 51 for its auto-
scaling version (again, essential convergence of E(f) is
considerably faster).

0O While all algorithms achieve roughly the same level
of error E(0) the corresponding minimizers are quite dif-
ferent in the third and fourth components. This is related
to the poor conditioning of the Hessian and is indicative

change data(0) to
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BFGS progress without noise
200 101

1801 E g 10121

160} 1oul

140+
10101

120 |

100f |

parameters
function

8of |

60l

a0

o] 10 20 30 40 0 10 20 30 40

iteration iteration

of a poor “signal-to-noise” ratio in the corresponding di-
rections. It also raises questions on the suitability of the
model for the assumed range of operating conditions and
noise properties.

O From a different point of view, we can say that the
model attempts to capture a very fine detail of the process
that is well below the noise level

Newton (L-M) progress with noise
30

109

251

20 “

o I}
15+
2 <
5 s
8 104 f%f
107k
5+ £
ot
-5 106!
0 5 10 0 2 4 6 8
iteration iteration
BFGS Progress with noise
200 ———————— 1018
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1012}
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ol ! 1 loup
e 120 | _ 100
B ‘ i<l
g 100- | g
o H 2
! 109 [
S gl | o}
60 | 1 108 |
404 |
107

o] 10 20 30 40 0 10 20 30 40

iteration iteration

Part II: Outline

e Constrained Minimization

— Equality and Inequality Constraints
— First and Second Order Conditions
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— Lagrange Multipliers, Sensitivity
e Basic Algorithms: Generalities

— Feasible Directions
— Active Set Methods, Gradient Projection
— Penalty and Barrier Methods

Constrained Minimization: Equality Constraints

e Basic Problem:

mianQan f(.’L')
s.t. hi(z)=0,i=1,...,m

57 Equality Constraints: 1st Order Necessary
Conditions
e Optimality on the surface S = {z : h(z) = 0}
Vf(z)d > 0 for any feasible direction d.

O For small deviations, S “looks” approximately like
its tangent plane (T'Pg). Since the latter contains both d
and —d, we get that [V f(z)]T should be perpendicular to
TPg.

O Assuming that x is a regular point of the constraints,
5

TPs =M ={y: Vh(x)y =0}

The orthogonal complement of M, where [V f @)]T should
belong, is the span of the columns of [Vh(z)]'. Thus:

e Let x, be a local extremum of f subject to h(z) = 0
and a regular point of the constraints. Then, there is a
AeR™ st

Vi(z.) + A Vh(z,) =0

e Lagrangian: ((z, \) = f(z) + ATh(z)
O Local extrema of the constrained problem are sta-
tionary points of the Lagrangian:

Vol(xz,A) =0 5 Val(z,\)=0

58 Equality Constraints: 2nd Order Necessary
Conditions

e Let x, be a local minimum of f s.t. h(x) = 0 and a
regular point. Then, there is a A € R™ s.t.

Vf(x,) + X Vh(z,) =0

L(z.) 2 V2f(2.) + A\TV2h(z,) > 0 on M

ie., forally € M, y" L(z.)y > 0.
59 Equality Constraints: 2nd Order Sufficient
Conditions
e Suppose there exists an x4 s.t. h(x,) =0and a A € R™
s.t.
Vi(z.) + A Vh(z,) =0

L(z.) 2 V2f(z.) + ATV2h(x,) > 0 on M

5Regular point: h(x) = 0 and Vh;(z) are linearly independent.
For example, with z € R?, h(z) = z1, S is the xe-axis, Vh = (1,0)
and every point on S is regular; if, instead, h(z) = z%, S is again
the zg-axis but Vh = (0,0) and no point is regular.
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i.e., forally € M,y # 0, there holds y " L(z,)y > 0. Then
x4 is a strict local minimum of f subject to h(x) = 0.

60 Eigenvalues in the Tangent Subspace

We seek to determine whether " Az > 0 for all x # 0,
hTz = 0. (h" : m xn). Let N be a basis of the null
space of h'. Then all z € N(hT) can be written as Ny
where y € R™. Then the condition #" Az > 0 becomes
y " (NTAN)y > 0, for all y, or, NTAN is a positive defi-
nite matrix.

O A basis of the null space can be computed using the
command NULL in MATLAB. Alternatively, one could
form the matrix [h|I,x,] and perform a Gram-Schmidt
orthogonalization on its columns. The last n —m vectors
of this procedure form a basis of N'(h").

61 Sensitivity
e Let f,h € C? and consider the family of the problems

min f(z) ; s.t. h(z)=c

Suppose that for ¢ = 0, z, is a local, regular solution
that, together with the associated Lagrange multiplier A
satisfy the 2nd order sufficient conditions. Then for |¢|
sufficiently small, there is a local minimum z(c) depending
continuously on ¢ and such that x(0) = z,. Furthermore,

Vef(@(e))]e=o = =AT

Constrained Minimization:
straints

Inequality Con-

e Basic Problem:

mingcocrn  f(2)
s.t. hi(x)=0,i=1,...,m
0 1

e A parallel development of conditions.
o Active Inequality Constraints: g;(z.) =0, j € J.

O Regular points: Vh;(x,) and Vg;(z.) =0, j € J are
linearly independent.
62 1st Order Necessary Conditions
e Kuhn-Tucker: Let z, be alocal minimum of f subject to
h(z) =0, g(x) < 0 and a regular point of the constraints.
Then, thereisa A € R™ and a 4 € RP, u > 0 s.t.

Vi(z:) + A Vh(z,) 4+ p Vg(z,) = 0
plge) = 0

O Since > 0 and g(x) < 0, a component of ;1 may be
nonzero only if the corresponding constraint is active.

O Vf(x.) + AT Vh(x,) must be zero in the “direction”
of non-active constraints.
63 2nd Order Necessary Conditions
e Let x, be a local minimum of f s.t. h(z) =0,g9(z) <0
and a regular point. Then, thereisa A € R™ and a p €
RP s.t. in addition to the first order necessary conditions,
there holds

L(zs) 2 V2 f(2,) + ATV2h(z,) + u"V2g(z,) > 0 on M

where M is the tangent subspace of the active constraints
at x,
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64 2nd Order Sufficient Conditions
e Suppose there exists an z, s.t. h(z,) =0and a A € R™
and a € R? s.t.

Vf(w*)+ATVh(w*)+uTVg(w*) = 0
Tg(z,) = 0
po> 0

L(z.) 2 V2f () + N V2h(zs) + 1 V2g(z.) > 0on M

where M’ = {y : Vh(z,)y =0, Vg;(z.)y =0, j € J'}
and J' = {j : g;(2) = 0, p; > 0}.

Then z. is a strict local minimum of f subject to h(z) =
0,9(x) <0.

O Positive definiteness of L is required on the larger
subspace that is tangent to all active constraints excluding
any degenerate ones, i.e., inequality constraints with zero
Lagrange multipliers.

65 Sensitivity
e Let f,h € C? and consider the family of the problems

min f(z) ; st. h(z) =c¢,g(z) <d

Suppose that for ¢ = 0,d = 0, z, is a local, regular so-
lution that, together with the associated Lagrange multi-
pliers A, p satisfy the 2nd order sufficient conditions and
no active inequality constraints are degenerate. Then
for |c|,|d| sufficiently small, there is a local minimum
z(¢,d) depending continuously on ¢ and d and such that
z(0,0) = z,. Furthermore,

Vef(a(e,d))|e=0.4=0 = ="

Vaf(x(0))|e=0,4=0 = —n"

Constrained Minimization: Example

66 Minimum distance from a set

elet M ={xr € R?:2"Pz <1}, P > 0. Given a
point zg € M, find a point x, € M such that the distance
(Euclidean) of x, form z( is minimum.

min (z — z0) ' (z — o)
st. ' Pz <1

e Lagrangian: £(x,\) = (z —x0) " (z — x0) + Az " Pz —1)
O Stationarity conditions:

(Vol(z, N =2[(x — 20) + \Pz] =
Mz"Pr—1) =
A >0

O The Hessian L(x) = 2(I + AP) is p.d. for any A > 0.

O The optimum x is: z, = (I + AP)"!
e Note that A = 0 is not a solution since zoy ¢ M. Hence,
the constraint must be active (z,] Pz, = 1).

O Substituting, we obtain an equation for A, whose
solution will determine z,.

zo(I + AP) *P(I + \P) 'zp =1

14



e Identical results would be obtained by using convexity
and orthogonality ideas.
e Properties of solutions: There exists a unique A > 0
satisfying the above equation.

O Let ¢(A) = zo(I + AP)™*P(I + AP) " lzg — 1. Its
derivative is

dq(A)

— =20l + AP)"'P(I + AP)"'P(I + AP) 'ay

which is negative for all g # 0 and all A > 0. Hence ¢(\)
is strictly decreasing and can have only one zero in A > 0.

O The solution for A can be found iteratively by us-
ing Newton’s method. A minor difficulty appears in that
other solutions may exist for A < 0. To ensure that A\
remains positive for all £ we may implement a constrained
version of the algorithm as follows:

dk = gq(lam)/dq(lam);
while lam - dk <= 0,
dk=dk/2;
end
lam = lam - dk

O This problem reappears in a more interesting way
when the distance from M is to be maximized. An added
difficulty in this case is that the optimum is not necessarily
unique.

e Numerical Example: Let P = diag(1,2) and zo =
[1,1]7. Solving the necessary conditions for A we need to
find the real roots of

1 2
=1
(14 X)2 i (14 2))2

which translate to finding the roots of the polynomial
AN+ 12X% T —2) = 2

Its real roots are —2.1127 and 0.4666. The positive
root yields the desired minimizer z, = [0.6818,0.5173]T,
while the negative root produces the maximizer
[—0.8987,0.3100].

e This algorithm is implemented as a MATLAB function
to compute projections on a possibly degenerate, ellipsoid
(see orpprl).

Algorithms for Constrained Optimization

67 Primal Methods: Generalities
e Searching for the solution in the feasible region directly
(i.e., working with z).

O Generate feasible points at every iteration.

O Can often guarantee that if the sequence has a limit,
then that is a local constrained minimum.

O Do not require special problem structure (e.g., con-
vexity).

O Competitive convergence rates especially for linear
constraints.

O Require a feasible point to start.

6Differenciate the identity A(£)A~1(() = I to obtain
dA™L(0)/de = —AL(0)[dA(L)/dE)ATL(8).
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O In general, remaining in the feasible set requires elab-
orate precautions.
68 Feasible Direction Methods
® Ty = X + apdy; di: feasible direction.
e min f(x); s.t. Az <b.

O Compute a feasible direction as the solution of the
linear program

min  Vf(z)d
s.t. Aldgb“ 1el

Z|dz‘|:1

where I is the set of indices of the active constraints.

0O Susceptible to “jamming.” Possible, but complicated
to avoid.
69 Active Set Methods
e Inactive constraints are essentially ignored.

O Determine current working set, a subset of the cur-
rent active constraints

O Movement on the tangent surface of the working set
to an improved point.

O At new boundaries constraints are added to the work-
ing set.

O After minimization, constraints are dropped if their
Lagrange multipliers are negative.
70 Gradient Projection
e For linear constraints, project —V f(x)) onto the tan-
gent subspace of the active constraints.

O Let A, be the ¢ x n sub-matrix of the active con-
straints. Then

Po=1-A,(4,A]) "4,
is the projection matrix to the tangent subspace and
di, = =P,V f(zy)

is a descent direction if non-zero (V f(xy)dp = —|dy|?).
e Select the step size so as to either minimize f or en-
counter a new constraint.
e Termination or constraint elimination depends on the
sign of the Lagrange multipliers.
e Algorithm:
1. Find M, the tangent subspace of active constraints
2. Set dj, = 7Pka(Ik)
3. If d # 0 compute:
a; = max{a : xy + ady, is feasible}
az = argmingeo,q,] f (¥x + ady)
Set x4+1 = xk + a2dy and return to (1).
4. If d = 0, compute A = —(AgA] )T AV fxp) "
If A; > 0 for all active constraints, stop.
Otherwise drop the constraint with the most negative
component and return to (2).

O Since only one constraint is added/deleted each time,

the projection matrix can be computed recursively (cmp.
recursive least squares.)
e For Nonlinear Constraints, project the negative gradient
on the tangent subspace to find an approximately feasible
descent direction, di. If movement along dj, produces non-
feasible points, return to the constraint surface by moving
orthogonally to the tangent subspace.
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O This idea can be described as an implicit line search:

min f[zy, + ady — Vh(zi) " B(a)]

a>0

where (3(a) is defined such that [z}, +adp—Vh(xy) " B(a)] €
{z : h(z) = 0} (the latter set describing both equality and
active inequality constraints).

O A simple algorithm to compute [ relies on successive
approximation: Letting y = xy + ady,

h(y — Vh(ze) " B8) = h(y) = Vh(ar)Vh(z) "5
Hence, a suitable first approximation of 3 is
B = [Vh(ze) V() ™ h(y)
Successive substitution yields
yjr1 = yj — Vh(zx) T [Vh(azr) Vh(zr) T~ h(y))

a sequence that will converge to the desired point for a
small enough.

2
e Asymptotic rate of convergence: | amezr—2min )  where
Amaz+Amin

Amazs Amin are the maximum and minimum eigenvalues
of L(z,), the Hessian of the Lagrangian, restricted to the
tangent subspace.

e Satisfactory general routines implementing these con-
cepts are quite complex.

Penalty and Barier Methods

71 Penalty Methods
e Replace the original constrained problem min,cgs f(z),
by an unconstrained problem that puts a large penalty on
the points outside the set.

min f(z) + c¢Ps(z) ; ¢>0

e Solve a sequence of such unconstrained problems,
parametrized by ¢, with ¢ — oo. The sequence of so-
lutions “should” also converge to the solution of the con-
strained problem.

e Conditions: (i) P continuous, (ii) P(z) > 0 for all z,
(iii) P(z) =0 if and only if z € S.

Further, {c;} should be strictly increasing, tending to in-
finity.

e Penalty Functions: Define g;" () = max][0, g;(z)].

Then P(z) = v(g*(x)) where v(y) =y 'T'y, I > 0 or
1Y) =2 i >0

e Limit points of the sequence generated by the penalty
method are solutions of the original problem.

e The Hessian (possibly discontinuous) has eigenvalues
that tend to infinity as ¢, — oo.

72 Barrier Methods

e Replace the original constrained problem min,cg f(x),
by an unconstrained problem that puts a large penalty on
the points approaching the boundary of the set.

min f(z) + %Bs(:ﬂ) ; ¢>0
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e Solve a sequence of such unconstrained problems,
parametrized by ¢, with ¢, — oo. The sequence of so-
lutions “should” also converge to the solution of the con-
strained problem.

e Conditions: (i) B continuous, (ii) B(z) > 0 for all z,
(iii) B(z) — o0 as © — 0S.

Further, {¢i} should be strictly increasing, tending to in-
finity.

e Typical Barrier Function: B(z) = -, ﬁ

e Restricted to sets S with non-empty interior and such
that any boundary point can be approached by a sequence
of interior points.

e Limit points of the sequence generated by the barrier
method are solutions of the original problem.

Remarks:

0O Penalty methods approach the constrained minimum
from the outside while barrier methods approach it from
the inside.

O As ¢, — oo the Hessians in both penalty and barrier
methods become extremely ill-conditioned. Only C-G and
Quasi-Newton type methods are suitable for numerical
implementation.

O Barrier methods with a log barrier function have
found important applications in convex optimization.
Fast and reliable convergence has been achieved using
Newton methods to iterate both the minimizer for each
¢k as well as the initial guess (i.e., searching for the value
of the function z,(cx) at ¢y = 0 where x, is is the mini-
mization argument of the unconstrained problem).

Part III: Outline

Special Topics
e Least Squares Problems with Constraints

— Simple Constraint Sets
(hyperplanes, half-spaces,ellipsoids)

— Oblique Projections
e Convex Optimization

— Cutting Plane Algorithm
— Ellipsoid Algorithm

e Quadratic Programming

— Linear Constraints

— The Role of QP in General Constrained Mini-
mization

Constrained Least Squares

e Problem Statement:

min || Az — b||3

st. xzeS
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where S is a (simple) convex set, e.g., a Hyperplane or an
Ellipsoid. For simplicity, we will also assume that AT A is
invertible (A is 1-1).7

O Observation:

Az—b|%2 = (Az—b) " (Az—b) =2 AT Ax—22T ATb+b"b
2

The above expression can be written in a “canonical”
quadratic form

(x —¢)"Q(z — ¢) + const.

with Q = ATA, c=Q AT,

Thus, the original minimization is equivalent to
. T
minges  (z—c¢) Qx —c)

Since AT A is nonsingular (hence p.d.),

|z —cllg 2 (& — ) TQ(z — )] /2

is a weighted Euclidean norm. In such cases, it is conve-
nient to change coordinates as Z = /Qxz.
73 S is a Subspace
e Here S = {z : Px = 0}, P is onto, i.e., PP is invert-
ible. (Shifted Subspaces can be handled similarly by an
appropriate translation of the origin).

O Using /@ for coordinate transformation, our prob-
lem becomes

min ||z — &3
st. z€{z:Pz=0}

where 7 = \/Qx, ¢ = \/Qc, P = P\/Q .

The last is a classical minimum norm problem, with

solution® o -
T=[-P"(PP")"'Plc

Translating the result back to the original coordinates,

r=[-Q 'PT(PQ~'P")"1Pc

O The above formula defines an oblique projection of ¢
onto S, the null space of P.
74 S is a Half-space
e Here S = {z : p'z < 0}, p # 0. (Again, shifted half-
spaces can be handled similarly.)

O The solution is a simple extension of the previous
case:

c ifpTe<0
€Tr = —1 T .
[I — 1%—&%] ¢ otherwise

O Unfortunately, such a simple relation is not available
for polytopes where the “edges” or “corners” introduce
problems. In such a case, general QP or convex optimiza-
tion methods are applicable.

"The same principles apply in the general case, but the formulae
are not simple; general solutions are obtained via, e.g., SVD or QR
decompositions.

8See also the later section on QP where the same solution is
obtained through Lagrange multipliers.
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75 S is an Ellipsoid

e Here S = {z : 2" Pz <1}, P=PT" > 0. (The usual
remark for shifted ellipsoids...) Using our /@ coordinate
transformation, the original problem is equivalent to

min ||z — ¢&[|3
st. ze{z:x Pz<1}

where P = \/Q 'P+/Q . This problem was solved (effi-
ciently) in Example 66. Note that, again, by re-expressing
the solution in the original coordinates, the recursion can
be performed without computing matrix square-roots.

e Observe that in all cases, the same pattern emerges;
that is, the constrained solution is an oblique projection
of the LS solution onto the convex set. Furthermore, the
weighting matrix of the oblique projection is the matrix
Q = AT A appearing in the quadratic cost objective. ?

Convex Optimization

e Problem Statement

min f(y), sty€R
y

where f is a convex function and R is a convex set.
o Whenever necessary, the above problem can always be
transformed to its canonical equivalent:

minc'z, staxzeS
x

where S is a convex set. Such a transformation is obtained
by noting that the original problem is equivalent to

minr, s.t.f(y) <randy€R
Y

with ¢T =[1,0,...,0], z = [r,y"]T and

S=A{z:fly) <rin{z:ye R}

(Recall that since f is convex, {f(y) < r} is convex, and
the intersection of convex sets is convex.)

76 Cutting Plane Methods: Kelley’s Algorithm
e Here we construct an improving series of approximating
linear programs (LP) whose solution converges to that of
the original problem.

e Kelley’s Algorithm:

O Let P, be a polytope containing S;
(S = {a: glx) < O}).

O Solve the LP:

min CTZE, s.t.x € Py
xr

producing a solution, say, xj.

O If x € S stop; the solution is optimal.

O If x; ¢ S find a separating hyperplane (supporting
S) for x, and S and append it to the constraints:

91t is also interesting to extrapolate the form of the solution in
the case where @ is singular. The latter will be a minimum distance
problem between the convex set S and the linear variety containing
the (now multiple) LS solutions of the unconstrained problem.
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By convexity, g(x)

> g(w)Vg(w)(z

i, = argmax g;(z)(> 0)

— w). Hence, setting

Hy = A{z: Vg (zr)(x — zx) + gi. (z) < 0}

we have that Hj is such a separating hyperplane. We
may now define Pyy1 = P, N Hy, (by appending the new
inequality constraint in the polytope matrix) and repeat
the process.

e The polytope matrix is increasing in size, linearly with
every step. Efficient “book-keeping” may be necessary to
delete redundant constraints and maintain a matrix that
is as small as possible. Although the problem may seem
intractable in the general case, in practice an adequately
accurate solution is obtained before the storage and com-
putational requirements become excessive.

e Differentiability of g is not required. The gradient used
in the above expressions may be converted to a subgradi-
ent of g (any vector such that g(x) > g(w)Vg(w)(z —w)).
Computing subgradients is similar and only incrementally
harder than computing ordinary gradients.

77 Ellipsoid Method

e Here we approximate the solution set by an ellipsoid
so that at every step x, € Ey. Ej describes the “uncer-
tainty” about the solution at the k-th step.

e Using convexity we construct an algorithm such that
if the center of the ellipsoid is not a solution, Fyiq is
“smaller” than Fj. The comparison is in terms of volumes
which is proportional to the determinant of P L for an
ellipsoid

Ep={z:(x—cp) Pu(z —cp) <1}

Note that Ej1; is not necessarily contained in Ey.

e The ellipsoid updates are performed by updating its
center ¢, and matrix P ! (storage and computational re-
quirements are fixed). The idea behind the updates is to
use the objective function gradient (if ¢ € S) or the con-
straint gradient (if ¢, ¢ S) to define a half space where
the optimum cannot lie. In this manner, the original el-
lipsoid is cut in half and the resulting set is then enclosed
in another ellipsoid of minimum volume. '°

e The sequence of ellipsoids is converging (in volume) and
eventually collapses to a point or a variety. In any case,
the algorithm provides a lower and an upper bound of
the minimum value of the objective and the iteration is
stopped when these values are sufficiently close to each
other and ¢, € S.

e Although not very efficient, the algorithm yields an ap-
proximate solution (to a desired accuracy level) in poly-
nomial time. Its convergence rate is defined in terms of
ellipsoid volumes and satisfies

Vol(Ejs1) < Vol(Ey)e 2

where n is the dimension of x. Typically, its performance
is adequate for small-to-medium size problems.

10For the case ci, € S, the value g(cy) can also be used to define a
“deep-cut” (similar to Kelley’s algorithm) and, thus, speed-up the
convergence.
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e The ellipsoid recursions are straightforward, though la-
borlous to derive. They are given next with the notation
Qr = P, " since only the inverse of Py is updated.

78 Elhpsoid Algorithm

For the problem

min  f(z)
st. zeS={zx:g(x) <0}

f, g convex. Define
O I. Constraint Iteration
1. Let h = Vg;(cx) where i = arg max;[g;(cg)]-

2. If gi(ck) > VI Qrh, quit; the feasible set is empty.
3. Else, define the “deep-cut” parameter a =
Ck /\/hTQk GE 01
4 Set h = h/\/hTQk
O IT . Objective Iteration
1. Let h = Vf(cx)"
2. Set the “deep-cut” parameter a = 0.
3. Set h = h/\/hT Qrh.
O III. Main Algorithm'!
0. co,Qo: An ellipsoid containing feasible minimizers;
(usually Qo = pI, p>1).
Set, n =dim(z) > 1, k=0,1,... and repeat:
1. If g(cx) £ 0, perform a “constraint iteration”
else

2. Perform an “objective iteration”

1
3. Cry1 =k — SEQD

2 a2 na
4. Qpi1 = ,5% T ) (Qk n+11;r(1+)a)Qkhh Qk)
until, g(cx) <0 and \/Vf(cr)QrVf(ck)T < e, where € is
the desired accuracy level.

O Upper and lower bounds on the minimum of the ob-
jective function can be computed as

U= mkinf(c{:) i L= max <f(c£) - \/Vf(0£)Qka(c£)T>

where these computations use only feasible points c£ .

79 Ellipsoid Method: Example
The problem of Example 66 is revisited with M now be-
ing the intersection of two ellipsoids. Even though the
constraint set does not have a smooth boundary, convex
optimization is still applicable.

O To run the example, use:

Imiinit % Plot the constraint set
LMI_proj([10;10],1.e-4)
% Uses LMI_upd to perform the updates

O The projection set is defined in setcon. If altered,
make the corresponding changes in Imiinit. When fin-
ished, issue a holdof f command to release the previously
held plots (by lmiinit).

M The algorithm is applicable for dim(x) > 2. The case dim(x) =
1 must be handled separately, by an interval search.
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Quadratic Programming

e Problem Statement:
1
min ixTQx +ale, st Ax <b
T

e For equality constraints, the Lagrange multiplier
method yields the following conditions:

Qr+c+A™ N = 0
Ar—b = 0

The solvability of this equation and optimality of the ex-
tremum is guaranteed by @ being p.d. on the null space
of A.

O In the special case Q > 0, the minimizing x can be
obtained explicitly:

r = —[I-Q 'AT(AQ'AT)™)(Q ¢
+Q—1AT(AQ—1AT)—1b

which is an appropriately shifted, oblique projection of
the unconstrained minimizer.
e When inequalities are present, the projection on the
polytope of the constraints can be efficiently computed
by an active set method.

O Letting xx4+1 = x + di, a suitable descent direction
is found by solving

1
min id,ZQdk +d) gp, st Apdp =0

where gr = (¢ + Qx) and A,, denotes the matrix of the
active constraints.

O If the solution for di, (obtained by, e.g., the oblique
projection formula) is di = 0 then z;, is optimal for the
working set. Compute the associated Lagrange multipli-
ers and set A\; = min; A\; where 7 takes values in the work-
ing set of inequalities. If A\; > 0, stop; z; is optimal.
Otherwise, drop the constraint ¢ from the working set
and repeat the first step.

O Find the maximum a; € (0,1] such that A(zy +

O Set g1 = o +ardy. If ax < 1, add the correspond-

ing new constraint to the working set and repeat the first
step.
e A general constrained minimization problem, can be
solved as a sequence of QP’s (Recursive Quadratic Pro-
gramming), each one being solved to determine a suit-
able descent direction and step size. This approach is
motivated by the observation that the recursive (New-
ton) solution of the 1st order necessary conditions can be
written as a QP with Q = V2/, A being the concatena-
tion of the constraint gradients (Vh, Vg) and b being the
concatenation of the constraint values (h, g), all evalu-
ated at the current xg, Ak, ur. Variations of this method
include Quasi-Newton principles applied to update V2¢
recursively (see, e.g., BFGS method).
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