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General Theory

* In many situations one is interested in solving the Schrdédinger equation in situations
where the potential energyisa SLOWLY-VARYING function of position

* In this situation conventional approaches such as the use of T-matrices CANNOT be
applied and the WKB APPROXIMATION is often used instead

* To develop this approach we begin by writing the Schrodinger equation as
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* Motivated by our knowledge of the form of the wav  efunction for a particle that
moves in the presence ofa CONSTANT potential we write the wavefunction as

y(x)=€°™ (22.2)

FOR FREELY-MOVING PARTICLES
WE REMEMBER THAT THE
WAVEFUNCTION VARIES AS p/(x) = el



General Theory

* Substituting this form for the wavefunction into th e Schrodinger equation we obtain
: 5 . 2m 5
(c ()" -ic (x)=—7F(E- V(X)) ° k(X) (22.3)

* The quantity k(x) that we define here may be thought ofasa LOCAL wavenumber

* While Eq. 22.3 is EXACT to take our analysis any further we will need toin  troduce
some appropriate approximations

Since the potential is assumed to be slowly varying we neglect the SECOND
derivative in Eq. 22.3 and INTEGRATE to obtain

c(x)=+ k(X)dx (22.4)
This approximation may alternatively be rewrittena s

c =k (22.5)



General Theory

» The approximations of Egs. 22.4 & 22.5 willbe  VALID provided

L = —<<k (22.6)

c <<(c)® \
dx k dx

* This inequality requires that the change in k per wavelength of oscillation should be
much LESS than the wavelength itself

* To obtain the WAVEFUNCTION from these approximations we rewrite Eq. 22.3 as
(c'(X)2 =k2(X) +ic"(X) » k3(x) +ik (X) (22.7)

Taking the square root and making a binomial expans ion then yields

ik (x) » £ K(X) + ik ()

c (X) » £Kk(x), |1+ (%) 2K(X)

(22.8)



General Theory

* This last expression can be integrated to yield
c(x) = + k(x)dx+|—2In K(x) (229)
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* Eq. 22.10 is the WKB APPROXIMATION and the prefactor of 1/ @ (x) helps to
CONSERVE probability current for propagating states

exp@i “k(x')dx) (22.10)

For NEGATIVE kinetic energies associated with TUNNELING Eq. 22.10 becomes

explE *k(X)dx), k= Z—T(\/(x)- E) 2211
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For the calculation of BOUND states in potential wells the complex exponential i n
Eq. 22.10 is replaced by sine or cosine terms



General Theory

» There are some important LIMITATIONS of the WKB method

* This approach assumes that the particle can follo ~ w a change in potential purely by
changing its WAVENUMBER

In reality however we know that the change in poten  tial gives rise to REFLECTION
of some small part of the wavefunction which the WK B method IGNORES

* We have seen that the assumption of a slowly vary  ing potential requires that the
change in k per wavelength of oscillation should be much LESS than the wavelength

This approximation BREAKS DOWN close to the TURNING POINTS of the
classical motion where E = V(x)

The wavelength DIVERGES to become infinitely large here so that we willnee  dto
patch-up the WKB solution around these turning points

J=2P P 1 (2212)
k(x) m (E-V(x)

/I GOES TO INFINITY AS V(x) APPROACHES E ...
THIS IS THE POINT WHERE A CLASSICAL PARTICLE
WOULD BE REFLECTED BY THE POTENTIAL



General Theory

» The treatment of the wavefunction in the region of the turning points is complicated and we
simply reproduce the results here

* Consider a particle that approaches a barrier wit  h its classical turning point located at
X =X,

The wavefunctions in the vicinity of this turning p oint are then given as

cos [ k(x')dx-% x> X (2213

(X) » 2
4 VK(X)

exp[— - k(x')dx‘], X< X, (22.14)
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« THE CLASSICAL TURNING POINT IS LOCATED AT X,
WHERE V(x,) = E

Wix)
* A PARTICLE WITH ENERGY E IMPINGES ON A POTENTIAL
BARRIER THAT VARIES WITH POSITION
\/ \ E

X,



General Theory

* The important features of Eq. 22.13 are the factor  of TWO in the prefactor and the —p/4
PHASE SHIFT

2_cos Xk(x')dx-% x> X (2213

Y (X) »W .

* The factor of two accounts for the fact thatasw e can see below the oscillating wave
clearly has a LARGER amplitude than the maximum value of the exponential

* The factor of p/4 arises from the fact that the cosine term has to start witha POSITIVE
slope at x; which means that its phase must lie somewhere betwe  en—p/2 and O

In fact its value is seen from Eq. 22.13 to lie exa ctlyin the MIDDLE of this range
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Determination of Bound-State Energies

* An important APPLICATION of the WKB method involves the determination of the energy
levels of an arbitrary POTENTIAL WELL

* For a potential well with  INFINITELY steep walls we know that the allowed states occur
when an EXACT number of HALF wavelengths fit between the walls (at x| & Xy)

The PHASE CHANGE between the two walls is these casesisa  MULTIPLE of p

XXRk(x)dx: np, n=123 (2214)

* For a particle ina SOFT potential however the turning points are energy DEPENDENT
and the form of Eq. 22.14is MODIFIED

* A PARTICLE CONFINED IN A POTENTIAL WITH SOFT
WALLS CAN TUNNEL INTO THESE WALLS

* THE CLASSICAL TURNING POINTS FOR THE PARTICLE
ARE ALSO STRONGLY ENERGY DEPENDENT

* THE PHYSICS OF LOW DIMENSIONAL SEMICONDUCTORS
J. H. DAVIES, CAMBRIDGE UNIVERSITY PRESS (1998)




Determination of Bound-State Energies

* For a potential well with soft walls the quantizatio n condition of Eq. 22.14is MODIFIED
according to

:Rk(x)dx: n-% o, n=123 (22.15)

* The factor of — p/2 arises here due to the two phase changes of —  pl4 at x| & Xg

In the case where only ONE of the walls is soft and the other is infinitely st eep the
factor of %2 is replaced by %sin Eq. 22.15

* As a TEST of the WKB method we use it to determine the energy levels in a
TRIANGULAR potential well

We assume that the boundary located at  x, = 0is INFINITELY hard as in our
discussion of and so determine the bound state ener gies from

“K(x)dx= n-% p, n=123 (2216)



Determination of Bound-State Energies

 For x > 0 the potential energy varies as eE_x and the right-hand turning point is therefore
just
E
Xy =—— 221
ek (2217)

* Eg. 22.16 can therefore be rewritten as

El/e
5 1/2

2m _ 2mE Y2 E 1
—(E-eEx) dx= oF 0\/1- gls (2218

2

0
Note here that we have introduced the CHANGE OF VARIABLES s = x/x; = xeE /E

The integral in Eq. 22.16is EASILY solved to yield 2/3 so that by setting Eq. 22.18
to be equal to ( n — ¥4) pwe obtain

M (2219
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REMEMBER THAT THESE ENERGIES
ARE ONLY APPROXIMATE!



Determination of Bound-State Energies

* In the table below we COMPARE the predictions of the WKB method to the EXACT results
for the triangular well and see that we obtain agre  ementto BETTER than 1%

* This high degree of accuracy is not surprising si nce we saw previously that the WKB
method is expected to be valid when  k'(x) << k2

2
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dx 2k dx 2k 2 2@’ (2220)

* From Eq. 22.20 we see that the WKB method will be  valid if k >> 1/x_ and if we evaluate
k at the midpoint of the motion where  x = E/2eE this inequality becomes E >> E_ where
E. = ((eE, )?/2m)¥2 is the energy scale of the linear potential

This equation is SATISFIED for all levels hence the accuracy of the WKB method

N EXACT WKB VARIATIONAL
1 2.3381 2.3203 2.4764

2 4.0879 4.0818

3 5.5206 5.5172

10 12.8288 12.8281




Tunneling

* Another important APPLICATION of the WKB method is the determination of  TUNNELING
probabilities for barriers of ARBITRARY shape

* Since we have seen that the tunneling probability is proportional to the SQUARE of the

wavefunction we use Eq. 22.11 to write the transmis  sion probability through a barrier
as

T » expt 2 k(x)dx) (2221)

We have assumed here that the edges of the barrier  are located at x; and X

This expressionis REMINISCENT of that obtained previously for tunneling
through a UNIFORM barrier

k2

- 2KW
As an example of the application of the WKB method to tunneling we consider the
problem of electron tunneling into the SCHOTTKY BARRIER between a metal and
a semiconductor



Tunneling

* It is well known that when a metal and semiconducto r are brought into contact the
TRANSFER of charge between them can result in the formation of a TUNNEL barrier

* The height of this barrier takes the ~ MAXIMAL value V, at the interface but DECREASES
as we move further into the semiconductor

Solving the Poisson equation witha  CONSTANT interface charge density shows
that that the form of this potential variation is PARABOLIC in the position

V(X) =V, (- (x/d)?), d° /% (2222)

* A SCHEMATIC ILLUSTRATION OF THE SCHOTTKY
BARRIER THAT FORMS AT THE SURFACE OF A METAL
Cjomized | . -SEMICONDUCTOR JUNCTION
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Schottky diode current

The current across a metal-semiconductor junction is
mainly due to majority carriers. Three distinctly different
mechanisms exist:

. diffusion of carriers from the semiconductor into the
metal,

- thermionic emission of carriers across the Schottky
barrier, and

- gquantum-mechanical tunneling through the barrier.



e The diffusion theory assumes that the driving force is
distributed over the length of the depletion layer.

* The thermionic emission theory on the other hand
postulates that only energetic carriers, those, which
have an energy equal to or larger than the conduction
band energy at the metal-semiconductor interface,
contribute to the current flow.

 Quantum-mechanical tunneling through the barrier
takes into account the wave-nature of the electrons,
allowing them to penetrate through thin barriers. In a
given junction, a combination of all three mechanisms
could exist. However, typically one finds that only one
current mechanism dominates.



The analysis reveals that the diffusion and thermionic
emission currents can be written in the following form:

S = gvii, EHP':_%][EKP[PP:_&] - 1]
f f

This expression states that the current is the product of the
electronic charge, g, a velocity, v, and the density of
available carriers in the semiconductor located next to the
Interface.

The velocity equals the mobility multiplied with the field at
the interface for the diffusion current and the Richardson
velocity for the thermionic emission current.



The tunneling current is of a similar form, namely:

S, =gvpni

where vy, is the Richardson velocity and n is the density of
carriers in the semiconductor. The tunneling probability
term, Q, is added since the total current depends on the
carrier flux arriving at the tunnel barrier multiplied with the
probability, Q, that they tunnel through the barrier. The

Richardson Velocity is the average velocity of the carriers
at the interface and is given by:
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Gate Leakage




Gate Leakage

For sub-micrometer devices, due to smaller oxide thickness, there is
significant conductance being measured on the gate contact. The finite
gate current gives rise to the following effects:

Negative => degradation in the device operating characteristics with
time due to oxide charging; larger off-state power dissipation

Positive => non-volatile memories utilize the gate current to program
and erase charge on the “floating contact” — FLASH, FLOTOX,
EEPROM

There are two different types of conduction mechanisms to the insulator
layer:

Tunneling: Fowler-Nordheim or direct tunneling process

Hot-carrier injection: lucky electron model or Concannon model

O

Electron is emitted into the oxide  Similar to the lucky electron model, but
when it gains sufficient energy to assumes non-Maxwellian high energy tail on
overcome the insulator/semicon- the distribution function.
ductor barrier * Requires solution of the energy balance

: equation for carrier temperature.




Tunneling Currents

Three types of tunneling processes are schematically shown below
(courtesy of D. K. Schroder)

y'y ‘ V_ =ff 5 VOX <ff B

l—(—« 4y
—

FN FN/Direct Direct

« Fort,3 40 A, Fowler-Nordheim (FN) tunneling dominates
« Fort, <40 A, direct tunneling becomes important
* |4 > 1y atagiven V,, when direct tunneling active

» For given electric field: - Iz, independent of oxide thickness
- |y, depends on oxide thickness



Significance of Gate Leakage

As oxide thickness decreases, the gate current becomes more

important. It eventually dominates the off-state leakage current (I at
Vg=0V)

The drain current I as a function of technology generation is shown
below (courtesy of D. K. Schroder)
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No applied bias With applied bias

The difference between the Fermi level and the top of the barrier is
denoted by F

According to WKB approximation, the tunneling coefficient through this
triangular barrier equals to:

a m*
Tuexp-2 g(x)dx  where: g(X) :\/ > (F g - €EX
0



Fowler-Nordheim Tunneling

The final expression for the
Fowler-Nordheim tunneling
coefficient is:

4J2m*F /%
3eE

T U exp

Important notes:

The above expression
explains tunneling process
only qualitatively because
the additional attraction of
the electron back to the plate
IS not included

Due to surface
imperfections, the surface
field changes and can make
large difference in the results

Calculated and experimental tunnel
current characteristics for ultra-thin oxide
layers.

(M. Depas et al., Solid State Electronics, Vol.
38, No. 8, pp. 1465-1471, 1995)



Connection Formulas - Arbitrary Potential Shape


















