1 Perturbation Theory - Stationary

An exact solution of the Schrodinger equation exists only for a few idealized
problems. Normally, one has to solve the problem using some approximate
method. Perturbation Theory is applicable only to those cases in which the
real system can be described by a small change in an easily solvable, idealized
system. The Hamiltonian of the system can then be written as

’—> perturbation

H=Hy+\V (1)

|

Hamiltonian of the unperturbed system

where H and Hy do not differ much. The parameter X is called the SMALL-
NESS (or perturbation) parameter.

With this approach, we can describe a number of problems, for example in
nuclear physics. There, the nucleus provides the strong central potential for
the electrons; further interactions of less strength are described as perturbation.
Examples are

- magnetic interactions (spin - orbit coupling)

- electrostatic repulsion of the electrons

- influence of external fields

‘ Stationary perturbation theory = V is not a function of time ‘

The basic assumption is that the eigenfunctions and the eigenvalues of the
unperturbed system are known, i.e.,

Ho|n)o = E?|n), (2)
or
Hopy, = B0 (3)

We are then seeking the eigenvalues and the eigenfunctions of the total
Hamiltonian H, i.e.,

(Ho + AV)tpn = Etpn (4)
(Ho + AV)[n) = Eln) (5)
T

perturbed wavefunction



If the deviation of the actual basis functions and eigenvalues from these
zero-order ones is small, we can write

E=E9 £ \EM £ X2E® ... (6)

> Second-order correction

[n) = [n)o + Aln)1 + A?|n)z + - - ™
unperturbed first order
correction

Inserting these two series into the SWE, we get

(Ho + AV) (|n)o + Aln)s + A2|n)y +---) =

Now we group all the terms with the same coefficients A” to get

X’ = Holn)o = E|n)o 9)
A= Holn)y + Vine = E” |n)1 + BV n) (10)
A = Hg|n)z + V|n); = E£2)|n)0 + Eﬁl)|n)1 + E'S])|n)2 (11)
oth Approximation
If we set A = 0, then there is no perturbation, and the above gives
(Ho — E")|n)o =0 (12)
or
(B9 = B©]In)o =0 (13)
This means that
E©® = B© (14)

i.e., we get the energy eigenstates of the unperturbed system.

18t Approximation

The first-order approximation, i.e., corrections to the eigenvalues and eigen-
functions are found by solving A = Hy|n); + V|n)e = E£0)|n)1 + E,(ll)|n)0,
in which we assume that the first order correction |n)i, only slightly deviates




from the unperturbed, so that one can write this deviation in terms of the

unperturbed functions

In)1 = Zaﬂj)o

J
Substitute this into

|:H(] - Eéo)} [n)1 = [ET(LI) - V] |n)o

leads to
(Ho = BD) Y ajlid = [BL = V] Inds
or j
Sa; [BY B9 i) = [BD = V] In)o
J

Multiplication by '(/)52)* (i-e., o(m|) and subsequent integration gives

Zaj [EJ('O) - Eq(zo)} o{m[7)o = Eﬁl) o{mIn)o — o(m|Vn)o
J

Now we use the fact that the eigenfunctions are orthonormal, i.e.,

0<7n|k>0 = (Smk

(15)

(16)

(17)

(18)

(19)

(20)

and for the matrix element appearing on the rhs use the following notation

Vm'n = 0<’I’IL|V|TL)0
= [ dr (#0) Vi

Introducing the above gives

m n

[E(O) - E(O):| Ay, = Erfll) Jnm - an

(a) For m = n, the lhs is identically zero and we get

EY —V,, = 0

= |EY =V,

(21)
(22)

(23)

(24)
(25)

(b) For m # n, we can find the admixture amplitudes of the other states,

i.e., the coefficients a,,



[Eﬁfj) - Eﬁf’)] m = —Viun (26)

an R

Ay = 7E£L0) 0 (27)

In the case m = n, we obviously cannot obtain a condition for @,,—,. That

means that we need to determine a,, in a different manner. If we write the total
wavefunction as

n)

[n)o + Aln) (28)
[nYo + )\Zaj|j)0 (29)
J

from the requirement that |n) must be normalized to 1, we get

1=(nn) = |oln| +AZa;o<j|

In)o + AzakVﬂ) 0]

(30)

= <n|n0+)\2a 0j|n0—l—)\2ak0 n|k) 0+/\222a “ak o0(jlk)o

J

Neglecting the term proportional to A% (because we are calculating up to
first order), we get

1 = 1+)\Za;5jn+)\2ak6kn (32)
j k

j
= Mal+a,)=0 (33)

Now, as the wavefunction is determined up to a phase factor, we can choose
ay, to be real, in which case

a, = ap (34)
= A2, =0 (35)
or a,=0 (36)

To summarize, the first order corrections are

EY = V.
Vin (37)
In)1 = a;l7)o, where a; = —3°%
2. T B -

(31)



gnd Approximation
Let us consider the second-order corrections to the eigenvalues, for which we

need to consider
A2 = Ho|n)y 4+ Vn)y = E@n)o + EXV|n);, + EO|n), (38)
Substituting the first-order result for Eﬁl) gives
(Ho = EL) [n)s = (Vi = V) [n)1 + EP|n)o (39)
Following the procedure outlined in the previous section (1st order approx-

imation), but in this case expanding the second-order correction to the wave-
functions in terms of wavefunctions of the unperturbed system

[n)2 = st|8)0 (40)

gives

Vin . .
(Ho - quz(])) Z bsls)o = (Voun — V) Z Wb)o + Eﬁlz)|n>g (41)
s j#En T T

Now, multiplication with ((7| and subsequent integration gives

S0 [B0 — B gfiahy = 3 Pt = Tes VUL 4 iy i
B N—— E,’ — Ej

Jj#n
dis (42)
or
bi [Ez@ - E,(;’)] =) F B (43)
B - B}

i#n

(a) for 7« = n, again the lhs goes to zero which leads to

0
EP = -3, ) (44)
J

n (0

i#zn  En

Vin Vi
e )

j#n En” — Bj

(b) for ¢ # n, we then get



Vi Vandii — Vi Vis
b; = ;L (ET(LO) ]_ E](_o))] <EL(OJ) _JET(LU)) (46)

= (B - EY) (B - BEY)
i%n

The coeflicient b; goes to zero when 7 = n. The proof is the same as the one
used for a,,.
To summarize, the second order corrections are

™ = 3 VinVnj
. (0) (0)
j#n En’ — Ej
[nYe = Zbim“’ where b; = Z VJ Vi — V; : i) ;
; ; (E(OJ _ E(O)) (E(OJ _ E(OJ)
i#£n 113::: n j n f
(48)
or, up to a second order we have
E, = E© +)\ED 4+ \E® (49)
VinVng
— 0 2 jn¥ny
= B9 + AV, + A ZW (50)
j#n Pm = B
n) = n)o + A ailido + A D bilido (51)

The above expressions contain an interesting result, i.e., in in first order, the
correction to the energy is simply the expectation value of the perturbation V,
which is quite reasonable. If n denotes the ground state of the system, then
always E,(LO) < EJ(-O), and the effect of the second order approximation is always
negative regardless of the perturbation because

VinVaj = [Vinl” (52)

For the application of perturbation theory, we assumed the perturbation to
be small, i.e., the energy levels and their differences are not changed significantly.
This can be expressed as

)\an




Degenerate States
in the following, we will describe the application of the perturbation theory
to a spectrum with degenerate states.

non - degenerate states => For any energy ET(LO), we have assumed that
only one definite state |n)o exists

degenerate system = For a given level of energy ET(LO), a series
of eigenfunctions |ng)o exists, 8 =1,2,---s
Such a level is called s-fold degenerate

(54)
To consider degenerate system, the approach that was previously outlined
needs to be modified to “lift” the degeneracies prior to the application of the
perturbation series. This can be achieved by writing the wave function in the
zeroth-order approximation as a linear combination of the eigenfunctions |n)g.
To illustrate the method, let us suppose that there are two degenerate energy
levels for which the unperturbed eigenfunctions are |1) and |2)o, and for which
the common energy is E°. We now go back into our earlier result

> a; [BY = BY |l = [ED = V] n) (55)

and consider only those terms involving |1)¢ and |2)¢, temporarily neglecting

all other terms. Since E](.O) = E,(QO) = E©), the lhs is identically zero and we
have

[Egl) - V] Injo = 0 (56)

Now, as we said earlier, we expand |n)o in terms of |1)¢ and |2)o to get

[n)o = C1[1)o + C2[2)o (57)
Substituting into the above equation gives
B = V] [0r]1)o + Cal2)o] = 0 (58)
or
C1EM|1)o — C1V[1)o + C2EL [2)0 — C2V[2)o = 0 (59)

Multiplying by o(1] and ¢(2| (i.e., ¥9* and 3*) and integrating over the
internal variables gives

. o(1[V[1)o o(1[V[2)o
o(1] : CLEY) — C)——~— 40— Cy~—— =0 (60)
VEI V12



0(2[V1)o 1 0(2[V[2)o
(2] : 0— Cy~~—~— 4+ CLEY) — Co~~—~— =0 (61)
VZl -‘/22
Thus
Cy [Egl) - Vll] —CyVis =0
(62)
—C1 Va1 + Gy [ES) - V22] = 0

We have arrived at two homogeneous equations with two unknowns. In order
that there exits a solution, the determinant of the coefficients of the ¢’s must
vanish, i.e.,

E?g,l) - Vi1 —Vis C Er(Ll) —Vii Vi
2) =0= 2) =0
_‘/21 E'7; - ‘/22 CZ _‘/21 En T I/22
f (63)
secular equation
‘We then obtain
(Eél) - V11) (E’gLZ) - sz) — ViaVau = 0
% | ) (64)
(En ) — (Vi1 + Vo) B’ 4+ Vi1 Vag — VigVor = 0

The above equation is quadratic for Er(Ll); there are two solutions

1 1
EWM = 5 (Vi1 + Vao) £ 5\/(V11 + Vaz)? — 4 (Vi1 Vag — VizVar) (65)

To simplify the further discussion, let us suppose that Vi; = V23. By noting
that Va1 = V5, we then have

1
Eﬁbl) = Vi £ 5\/4‘/121 - 4V121 +4 |Vv12|2 (66)
= Vi 2 |Vio| o7
Hence
E, = EY +)E :
= EO 4 \(Vi; £|Vi2]) (68)
= E°+\Vi; £ \|Vi,

The degeneracy of the level |n) is lifted under the influence of the pertur-
bation and the s-fold degenerate state splits up energetically into s close-lying
states.



Using

Hyln)o = E|n)o

(69)

we can also calculate the zeroth-order approximation for the wavefunction.

Dividing the two equations gives (Vi; = Va2)

Ch [Eﬁbl) - V11] = CyViz
Cy |:E£L1) - Vll] = CiVa
G _ GV
Cy  C1Va
01)2 Via
= (=] ===
(Cz Va1
Now
Via = |V12|6’77:¢
and
Var = Vi
= |Vv12|('fmS
2 —ig
- (&) - e
CZ |V12|€i¢
4 p
B
c, ¢
or
Cy = £C1e*

Substituting this into
In)o = C1[1)o + C2(2)o
gives

[n)o = C1 [|1)0 £ ¢2)]

Normalizing |n)o gives

(75)
(76)

(77)

(78)

(79)

(80)

(81)



o{nln)e = 1
= Cf [o(1| e o(2]] [|1)o] £ e [2)e]] Cu
|C1? [1 £ e (2]1)0 £ €™ o (1]2)0 + 0(2]2)0]
= |Ci]*-2
1
V2

Hence, the zeroth approximation wavefunction is given by

= (O =

[n)o = 0 i6i¢|2>0]

1
7 [11)
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