1 Examples of Stationary Perturbation Theory

Here we will consider two examples that will illustrate how we can calculate the
corrections to the known energy levels if a small perturbation is applied to the
system. We will consider:

(A) The Stark effect in a potential well

(B) The shifted Harmonic oscillator problem

(A) The Stark Effect in a Potential Well

Consider an infinte potential well that has a linear, rather than constant

potential within the well.
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The eigenfunctions and the eigenvalues of the TISE for infinte potential well
[V(z) =0, z < a] (unperturbed) are
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The perturbing potential is described with

V(z) =eEx (4)

Since this is a system in which we do not have degeneracies, the first and
the second order corrections to the energy levels are given by
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Hence, we need to calculate the diagonal and the off-diagonal matrix ele-
ments to calculate the corrections to the energy levels using V(z) as a per-
turbation and ,,(z), i.e., the solutions of the unperturbed problem as a basis
set.

Diagonal matrix elements
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The above result suggests that there is no first-order shift to the energy levels
and this is because of the choice of our coordinate system. if the coordinate
system was chosen so that V(—a) = 0, then it can be shown that (n|V(z)|n) =
eFa and this would correspond to the linear Start-shift of the energy levels.

Off-diagonal matrix elements

To calculate the higher-order corrections to the energy levels, we need the
off-diagonal matrix elements
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To evaluate this integral, we will use the following trigonometric identities
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Hence
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This means that
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i.e., we need to solve the integrals of the form
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Now if m is even, then

and if m is odd then

Using this result we arrive at
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To summarize

(i £ 7) odd
0 (1 £ 7) even
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The above result suggests that the odd potential will mix only those states

Harmonic oscillator with linear perturbation

that have different parity. The denominator in the expression for V;;, aside from
some constants, represents the square of the difference of the associated energy
levels.

As a second example for the application of the perturbation theory, we con-

H=Hy+V

where

sider a microscopic harmonic oscillator subject to a linear potential that can
arise due to the application of an electric field. In this case
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and
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For this case too, we can find the exact solution, i.e.,
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If we define y =z + a = = + ¢, then the TISE becomes
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We can arrive at this result using perturbation theory. We again need to
calculate the diagonal and the off-diagonal matrix elements, but in this case we
will make use of & and &', i.e., we will express & as

(a+al) (47)

Then
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(1) Obviously, the diagonal matrix elements, for which n = m, will be iden-
tically zero due to the Kroneker delta-functions.

(2) If we are considering the second order shift to the energy levels, we will

need

E,—E,,
m#n
E® = (53)
only two terms
will contribute

m=n-+1and
m=n-—1
1
n + i n
2 h E’n - E’n—l—l E’n - E’n—l
(eE) ~
n+1
(n+1/2)hwy — (n+ 1+ 1/2)hwy
n

o F 12k —(n—1-1/2)

_n+ 1 n

a —th FLU)O

_ 1

hw(]
Thus
. h 1 .
E® = _(cE)? -
" (cE) 2muwy huwy (55)
_ e?E? the full shift of the (56)
B 2mw? energy levels



