Simple Harmonic Motion

> Simple harmonic motion (SHM) refers to a certain kind of oscillatory, or
wave-like motion that describes the behavior of many physical
phenomena:

» a pendulum

> a bob attached to a spring

» low amplitude waves in air (sound), water, the ground, solid
» the electromagnetic field of laser light

> vibration of a plucked guitar string

» the electric current of most AC power supplies

> ...




Example: the projection of uniform
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The period and frequency of a wave

> the period 7 of a wave is the amount of time it |- —Ac———- -
’rakeps to go through 1 cycle \ /\ f\ ,

> the frequency f'is the number of cycles per second

the unit of a chle-per-second is commonly referred T
to as a hertz (Hz), after Heinrich Hertz (1847-1894),
who discovered radio waves.

> frequency and period are related as follows:
1
f==
T

> Since a cycle is 2n radians, the relationship between
frequency and angular frequency is:

w=2nf




Springs

> A spring is a familiar device of everyday life. The basic property of a
spring is that it resists any deviation from its unstrained configuration,
and the further the deviation, the greater the force of resistance.

» The force a spring exerts to try to return it to its unstrained state is
called the restoring force.
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The Ideal Spring

» The ideal spring is a simple mathematical model of
the behavior of a spring:

F=—kx

F is the restoring force exerted by a spring whose
end-point is a distance x away from its equilibrium
configuration. «is called the spring constant, and
has units of N/m. k describes how "stiff" the
spring is.

> For an ideal spring, we also consider it to be
massless

» The above equation is known as Hooke's Law (after
Robert Hooke (1635-1703), an inventor,
philosopher, architect, ...)

> Hooke's law is a good characterization of a spring
for small displacements
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Springs and simple harmonic motion

> Afttach anobject of mass m to the end of a sprin?, ull it out toa_
distance 4, and let it go from rest. The object will then undergo simple
harmonic motion:

x(t) = Acos(ar)
v(t) = —Awsm(ax)
a(t) = —-Aw’ cos(ax)

» What is the angular frequency in this case?

Use Newton's 2nd law, together with Hooke's law, and the above description
of the acceleration to find:

W= ,|—
m




The simple pendulum

» Consider an object of mass m attached by a massless string of length

L to a frictionless hinge. The torque exerted by gravity is
T =-mgLsiné
> Newton's 2nd law for rotation: 7 =[x
> =m1, thus: o = —(g / L)sin @
> For small angles, sSin@ = 6 thus o =—(g/L)6O
> Recall foraspring: a = —(k/m)x

> Thus, by a_nalogr\ we can see that for small angles the angle 6 will
undergo simple harmonic motion

0 = 6, cos(w,?)

with an angular frequency given by

W, =+g/L




Simple Harmonic Motion

» A mass onh a spring is one (and the most famous)
example of Simple Harmonic Motion

> SHM is

» Any motion that can be described by a sinusoidal
function: x= x cos (ot +¢)

» Any motion for which the acceleration is directly

proportional fo displacement, but in the opposite
direction:

dzx )
s =— X
dt

> The behavior of one dimension of circular motion



Energy and Simple Harmonic Motion

> an ideal spring exerts a conservative force on the object attached to it

consider a object attached to the spring, and assume there are no other external
forces acting on the object. Let the position and velocity of the object be given by:

x(t) = Acos(arx) v(t) =—Awsin(awt)

then, from the work-energy theorem, we know that the work done by the spring force
is equal to the change in kinetic energy of the object:

1 1 1 : :

W =AKE = —mvf2 — —mvl.2 =—mA’w’ (smz(a)tf) — smz(a)tl.))
2 2 2

Consider the work done going through 1 cycle:tf =t +T1 =t + l/f =1+ 27/ @

W = %m/lza)2 (sinz(a)tl. +27) - sinz(a)tl.)) =0

a cycle is a closed path ... and recall that this is one of the equivalent definitions of a
conservative force: the net work done by a conservative force moving an object around
a close path is zero.




Energy and Simple Harmonic Motion

> we know that a conservative force has a potential energy associated with it

> the work that a conservative force does when acting on an object is equal to
minus the change in the corresponding potential energy ... from this we can
deduce that the potential energy of an object attached to a spring is:

PE, = L
2

> the fotal mechanical energy of the object (excluding rotation and gravity for
now) is therefore: |
2

E :lkx2 +—my
2 2

in the spring’s unstretched position, x=0, and all of the energy is in the kinetic energy
of the object

at the spring's maximum extension or compression, v=0, and so all the energy is
potential energy

the potential energy of the mass is equal fo the elastic energy stored in the spring coils




Quantum Harmonic Oscillators

A. Vibrations of the crystalline lattice
B. Motion of electrons in a Magnetic Field



Lattice Vibrations
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Normal modes of vibration progression through a crystal. The amplitude of the motion has
been exaggerated for ease of viewing; in an actual crystal, it is typically much smaller than
the lattice spacing.



In physics, a phonon is a quantized mode of vibration occurring in a rigid crystal
lattice, such as the atomic lattice of a solid.

The study of phonons is an important part of solid state physics, because phonons
play a major role in many of the physical properties of solids, including a material's
thermal and electrical conductivities.

In particular, the properties of long-wavelength phonons give rise to sound in solids --
hence the name phonon from the Greek @ovr) (phoné) = voice.[2] In insulating solids,
phonons are also the primary mechanism by which heat conduction takes place.

Phonons are a quantum mechanical version of a special type of vibrational motion,
known as normal modes in classical mechanics, in which each part of a lattice
oscillates with the same frequency.

These normal modes are important because, according to a well-known result in
classical mechanics, any arbitrary vibrational motion of a lattice can be considered as
a superposition of normal modes with various frequencies; in this sense, the normal
modes are the elementary vibrations of the lattice.

Although normal modes are wave-like phenomena in classical mechanics, they
acquire certain particle-like properties when the lattice is analysed using quantum
mechanics. They are then known as phonons.




Lattice waves

Due to the connections between atoms, the displacement of one or more atoms
from their equilibrium positions will give rise to a set of vibration waves
propagating through the lattice. One such wave is shown in the figure below. The
amplitude of the wave is given by the displacements of the atoms from their

equilibrium positions. The wavelength A is marked.

Not every possible lattice vibration
has a well-defined wavelength and
frequency.

However, the normal modes (which,
as we mentioned in the introduction,
are the elementary building-blocks of
lattice vibrations) do possess well-
defined wavelengths and frequencies.




Monoatomic Lattice

A Dispersion Relation Derivation

The assumption here is that the elastic response of the
solid is a linear function of the forces, which means that
the elastic energy is a quadratic function of the
displacement.

a |
o q cg 3, o
Mo C ool o
s-1 us uS+1

According to Hooke's law, the total force on plane s is
caused by the displacement of planes (s-1) and (s+1),
l.e.

Fg = C(us+1 _us)+ C(us—l _us)

where C is a force constant between n.n. planes.



The equation of motion of plane s is then
d*u
dtzs = C(us+1 TUg _2us)

For the case of a harmonic response in both space and
time, i.e when

M

us (x, t) — ueiSKCle—iOJt

we arrive at the following dispersion relation

_ [4C|; (Ka)
Q) MSlIl )

The significant wavevectors are found from:
uei(s+1)Ka

u iKa
s+1 _ — e

u

isKa
Ky ue

_ el27’tl’lela(K—2TEI’l/a) _ ezaK

= —n/a<K<rn/a



A graphical representation of the dispersion relation is
shown in the figure below:
t

—mt/a | n/a K

= At the zone boundaries, the group velocity of the
waves is:

dw Ca’
Vg :d[<—)VS(K:TE = MCOS(TE/2)=0

* |n the long wavelength limit Ka<<1, we have that the
velocity of the sound is independent of frequency, i.e.

W= a\/gK =v,K



Two Atoms per Primitive Basis

1 Dispersion relation derivation

For the case when there are p-atoms in the primitive
cell, there are 3p branches out of which:

- 3 = acoustical branches: 1 LA and 2 TA branches
- 3(p-1) = optical branches: (p-1) LO and 2(p-1) TO

The problem we consider now is of a diatomic lattice

with two atoms per basis with masses M, and M,

M,

" 00 o ©
*. 1 !
C \V@\ | <
s-1 us_l Vs

U



The equations of motion are:

d2us
M, déz =C(vy +vy_1 —2uy)
M2d ;S :C(us+1+us_2vs)
dt

Again, for the case of harmonic response we arrive at a
following set of equations written in a matrix form:

{ 20- M’ —Cll+e7Ka )}H 0
cli+e®) 20— ppe? V)7

The homogeneous set of equations has non-trivial
solutions when the determinant of the matrix is zero, that
leads to the following dispersion relation

MM 6" =2(M{ +M,)Cw? +2C*[1-cos(Ka)] =0



The exact solutions to this equation can be found, but it
is simpler to consider the two separate cases when
Ka<<1 (long wavelength limit) and the case when
Ka=xr (at the boundary)

(a) Case Ka<<1 (long wavelength limit)
In this first case the two solutions are of the form:

o ~2C(1/ My +1/ My )= const.
m2~CK%f
2 2M1+M2

(b) Case Ka= +x (at the boundary)
In this second case the two solutions are of the form:

of ~2C/ M,
w5 ~2C/ M,



2 Q)
U270 M+ M, ‘7\_‘/@%%/]\42
: \ o ~2C/ M,

of ~2C(1/ My +1/M5)

—m/a ’ m/a

For Ka<<0 (long wavelength limit) and o=w,, we have:
« One lattice wave to be moving against the other

lattice, i.e.
u /V = —M2 /Ml
« One can excite this mode with light waves — optical
branch.

For Ka= +x, we get that the two lattices are completely
decoupled from each other.



Quantization of the Elastic Waves

The energy of lattice vibration a is quantized, and the
quantum of energy is called a phonon, in analogy to
photons for quantization of the electromagnetic waves.

The energy of an elastic mode of vibration describing a
state of n-phonons is given by:

E, = (n+é)hco

To calculate the energy of the mode, one starts from the
harmonic approximation for the displacement
uS (x’ t) — erisKae—icot

The energy in a mode then equals "z kinetic and 7%
potential energy. The kinetic energy is given by:



2 2 2 )
K.E.= %p(dt)z =;pU00) cos” (Kx)sin“ (wt)
—> (after spatial and temporal integration )
2772
—> épVoo Uj
When equating the two expressions, we get:
2772
é(n+é)ﬁm=épr Uj

5 U, :2\/(n+1/2)h
4o
To summarize, the amplitude of the oscillation U, is

proportional to the square root of the number of phonons
in a given mode.




Mechanics of particles on a lattice
Consider a rigid regular (or "crystalline") lattice composed of N particles.

If the lattice is rigid, the atoms must be exerting forces on one another, so as to
keep each atom near its equilibrium position. In real solids, these forces include
Van der Waals forces, covalent bonds, and so forth, all of which are ultimately
due to the electric force; magnetic and gravitational forces are generally
negligible.

The forces between each pair of atoms may be characterized by some potential
energy function V, depending on the separation of the atoms. The potential
energy of the entire lattice is the sum of all the pairwise potential energies:

ZV(’/; _rj)

where r; is the position of the i atom, and V is the potential energy between two
atoms.




It is extremely difficult to solve this many-body problem in full generality, in either
classical or guantum mechanics.

In order to simplify the task, we introduce two important approximations.
First, we perform the sum over neighboring atoms, only.

Secondly, we treat the potentials as harmonic potentials: this is permissible
as long as the atoms remain close to their equilibrium positions.

The potential energy of the lattice may now be written as
S imo? (R -R,)
UL i j
i#j(nn)

Here, o is the natural frequency of the harmonic potentials, which we assume to
be the same since the lattice is regular. The sum over nearest neighbors is
denoted as "(nn)".




Phonon dispersion of a one-dimensional chain of identical atoms

Consider a one-dimensional guantum mechanical harmonic chain of N identical
atoms. This is the simplest quantum mechanical model of a lattice, and we will
see how phonons arise from it. The formalism that we will develop for this model
is readily generalizable to two and three dimensions.

The Hamiltonian for this system is

H:i P +lma)2 > (x,-x,)
o 2m 2 {ij} (nn) !

where m is the mass of each atom, and x; and p; are the position and momentum
operators for the ™ atom..




We introduce a set of N "normal coordinates" Q, defined as the discrete Fourier

transforms of the x's and "conjugate momenta" I1 defined as the Fourier
transforms of the p's:

. — 1 N iknja
I:.:I' — \"'Iﬁ E‘Jl:—f"ﬁr QF':H E

_ 1 N —iky ja
p.:l' T ﬁ En:—ﬁ." HF':.--:EI ]

The quantity k,, will turn out to be the wave number of the phonon, i.e. 2r divided
by the wavelength. It takes on quantized values, because the number of atoms is
finite. The form of the quantization depends on the choice of boundary
conditions; for simplicity, we impose periodic boundary conditions, defining the
(N+1)™ atom as equivalent to the first atom. Physically, this corresponds to
joining the chain at its ends. The resulting quantization is

—

forn=0,£1,42, ..., £N

1T
Na

’I{"J [3

The upper bound to comes from the minimum wavelength imposed by the lattice
spacing a, as discussed above.



By inverting the discrete Fourier transforms to express the Q's in terms of the x's

and the p's in terms of the I1's, and using the canonical commutation relations
between the x's and p's, we can show that

[Q, ] = thopp  ;  [Qr, Qre] = [, ] =0

In other words, the normal coordinates and their conjugate momenta obey the
same commutation relations as position and momentum operators! Writing the
Hamiltonian in terms of these quantities,

Mo, 1
H = — 1w, Qe
;( + gmetQuQ-s )

2m

where

Wy = -./Qw‘g(l — cos(ka))

Notice that the couplings between the position variables have been transformed
away; if the Q's and IT's were Hermitian (which they are not), the transformed
Hamiltonian would describe uncoupled harmonic oscillators.




Three-dimensional phonons

It is straightforward, though tedious, to generalize the above to a three-
dimensional lattice.

** In the one dimensional model, the atoms were restricted to moving along the
line, so all the phonons corresponded to longitudinal waves. \

** In three dimensions, vibration is not restricted to the direction of propagation,
and can also occur in the perpendicular plane, like transverse waves. This
gives rise to the additional normal coordinates, which, as the form of the
Hamiltonian indicates, we may view as independent species of phonons.
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with ab initio phonon dispersion (solid lines) and Raman data (open diamonds) The x axes
are scaled in reciprocal lattice units.
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Acoustic and optical phonons

In solids with more than one atom in the smallest unit cell, there are two types of
phonons: "acoustic" phonons and "optical" phonons. "Acoustic phonons”, which
are the phonons described above, have frequencies that become small at the
long wavelengths, and correspond to sound waves in the lattice. Longitudinal and
transverse acoustic phonons are often abbreviated as LA and TA phonons,
respectively.

"Optical phonons," which arise in crystals that have more than one atom in the
smallest unit cell, always have some minimum frequency of vibration, even when
their wavelength is large. They are called "optical" because in ionic crystals (like
sodium chloride) they are excited very easily by light (in fact, infrared radiation).
This is because they correspond to a mode of vibration where positive and
negative ions at adjacent lattice sites swing against each other, creating a time-
varying electrical dipole moment. Optical phonons that interact in this way with
light are called infrared active. Optical phonons which are Raman active can also
interact indirectly with light, through Raman scattering. Optical phonons are often
abbreviated as LO and TO phonons, for the longitudinal and transverse varieties
respectively.




Phonons

In fact, the above derived Hamiltonian looks like the classical Hamilton function,
but if it is interpreted as an operator, then it describes a quantum field theory of
non-interacting bosons. This leads to new physics.

The energy spectrum of this Hamiltonian is easily obtained by the method of
ladder operators, similar to the quantum harmonic oscillator problem. We
introduce a set of ladder operators defined by

an = -"_muuk(ﬂlil + me T,

'111 = e (Qok — I1;)

2R T Tl

The ladder operators satisfy the following identities:

H = Z Fiwy, (alak + 1,’2)
k

lax, ap] = S

[ﬂﬁ‘! HF:"] = [ﬂ::t”ﬂ::;] = 0.



As with the quantum harmonic oscillator, we can then show that a," and ay

respectively create and destroy one excitation of energy. These excitations are
phonons.

We can immediately deduce two important properties of phonons:

¢ Firstly, phonons are bosons, since any number of identical excitations can
be created by repeated application of the creation operator .

s Secondly, each phonon is a "collective mode" caused by the motion of every
atom in the lattice. This may be seen from the fact that the ladder operators
contain sums over the position and momentum operators of every atom.

In three dimensions the Hamiltonian has the form

3
H = Zﬁ: Z Rwy (al,ﬁa;m + 1;’2)

=1



It is tempting to treat a phonon with wave vector as though it has a momentum,
by analogy to photons and matter waves. This is not entirely correct, for is not
actually a physical momentum; it is called the crystal momentum or
pseudomomentum. This is because is only determined up to multiples of
constant vectors, known as reciprocal lattice vectors. For example, in our one-
dimensional model, the normal coordinates and are defined so that

where K=2nn/a

for any integer n. A phonon with wave number is thus equivalent to an infinite
"family" of phonons with wave numbers k=k+K, and so forth. Physically, the
reciprocal lattice vectors act as additional "chunks" of momentum which the
lattice can impart to the phonon. Bloch electrons obey a similar set of restrictions.

It is usually convenient to consider phonon wave vectors which have the smallest
magnitude in their "family". The set of all such wave vectors defines the first
Brillouin zone. Additional Brillouin zones may be defined as copies of the first
zone, shifted by some reciprocal lattice vector.
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